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Abstract—Network coded modulation (NCM) holds the prom-5
ise of significantly improving the efficiency of two-way wireless6
relaying. In this contribution, we propose near instantaneously7
adaptive variable-rate, variable-power QAM/PSK for NC-aided8
decode-and-forward two-way relaying (DF-TWR) to maximize the9
average throughput. The proposed scheme is optimized subject to10
both average-power and bit-error-ratio (BER) constraints. Based11
on the BER bounds, we investigate a discrete-rate adaptation12
scheme, relying on a pair of solutions proposed for maximizing the13
spectral efficiency of the network. We then derive a closed-form so-14
lution based power adaptation policy for a continuous-rate scheme15
and quantify the signal-to-noise ratio (SNR) loss imposed by16
NC-QAM. Our simulation results demonstrate that the proposed17
discrete adaptive NC-QAM/PSK schemes are capable of attaining18
a higher spectral efficiency than their fixed-power counterparts.19
Index Terms—Network coded modulation, adaptive modula-20
tion, two-way relaying, fading channels, spectral efficiency.21
I. INTRODUCTION22
TWO-WAY relaying (TWR), also known as bi-directional23 relaying, constitutes an appealing technique of improving24
the throughput of the existing wireless network. The landmark25
contribution of Li, Yeung and Cai [1] put forward the linear26
Network Coding (NC) concept for single-source multicast net-27
works for the sake of approaching the max-flow bound of the28
information transmission rate. Inspired by this work, a variety29
of NC methods have been proposed [2]–[9]. To the best of30
our knowledge, [2] was the first contribution that combined31
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NC with the physical layer broadcast capability of the wire- 32
less medium, which is capable of improving the achievable 33
throughput with the aid of the modulo-two based superposition 34
of sequences. From an information theoretic view, Wu [3] and 35
Xie [4] investigated the downlink (DL) capacity of asymmetric 36
Decoded-and-Forward Two-Way Relaying (DF-TWR). More 37
practically, NC was jointly designed with superposition coding 38
in [5], where the authors proposed a cross-layer method for 39
joint interference cancellation and network coding in multi- 40
hop wireless networks, which may substantially improve the 41
capacity regions, whilst reducing the power dissipated at the 42
relay node. Symbol level NC was investigated in [6], which is 43
capable of improving the asymmetric1 relay throughput using 44
hierarchical modulation. The joint design of NC and modula- 45
tion was investigated in [7], which alleviated the asymmetric 46
relaying-induced problems in TWR networks. Based on a set- 47
partitioning algorithm, both NC-QAM/PSK and a NC oriented 48
maximum ratio combining (MRC) technique was conceived for 49
improving both the throughput as well as the achievable spatial 50
diversity gain at a low complexity [8], [9], which circumvented 51
the asymmetric transmission problems of DF-TWR. For the 52
sake of maximizing the data rates of two-way links under 53
certain BER constraints, constant-power, variable-rate adap- 54
tive Network-Coded Modulation (NCM) was proposed in [8]. 55
This motivates our research on how to design variable-power, 56
variable-rate adaptive NCM for TWR, because it is beneficial 57
to consider joint power and rate allocation schemes for time- 58
varying fading channels. 59
Inspired by the above-mentioned solutions, improving the 60
spectral efficiency for transmission over fading channels has 61
gradually become the focus of the related research [10]–[17]. As 62
one of the key techniques that has found its way into both current 63
and future wireless systems, adaptive modulation has received 64
extensive attentions. Hanzo et al. designed diverse near- 65
instantaneously adaptive modulation techniques in [10]–[12]. 66
Based on Shannon capacity and BER bounds, Goldsmith et al. 67
[13]–[15] investigated point-to-point adaptive modulation 68
schemes for flat-fading channels, where both the data rate and 69
the transmit power were near-instantaneously adapted for the 70
sake of maximizing the spectral efficiency, whilst maintaining 71
a constant BER. In [16], constant-power single- and multicar- 72
rier adaptive quadrature amplitude modulation (AQAM) was 73
1The asymmetry here implies that the two-way traffic flows may have
different symbol rates.
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investigated compared to variable-power variable-rate M -ary74
QAM (MQAM) proposed in [15]. Following the similar ap-75
proach of [15], Liu et al. developed a cross-layer design in76
[17], which combines adaptive modulation and coding at the77
physical layer combined with a truncated Automatic Repeat78
reQuest (ARQ) protocol at the data link layer. These adap-79
tive modulation contributions studied single-user transmission,80
relying on a single channel’s quality. This motivates us to81
intrinsically amalgamate adaptive modulation with TWR where82
the downlink streaming from the relay (R) to both destinations83
(D) has to simultaneously adapt to a pair of channel conditions.84
Since the R-D DL of TWR is equivalent to the classic85
broadcast channel (BC) relying on side information, we consult86
the relevant literature on adaptive modulation conceived for87
both broadcast channels and for multicast systems [18]–[22].88
Specifically, the authors of [18] investigated both the achievable89
channel capacity and the power allocation of the downlink90
of time-varying TWR. The resource allocation of multicast91
systems was discussed in [19]–[21], while the adaptive modu-92
lation aided multiple-input, multiple-output (MIMO) downlink93
channel was studied in [22]. To the best of our knowledge,94
there is a paucity of contributions on the joint power and95
rate allocation of near-instantaneously adaptive NCM schemes96
designed for broadcast channels or multicast systems. This is97
because the BC channel has to dispense with power adaptation98
at the transmitter without the knowledge of the users’ channel99
state information (CSI). However, gleaming perfect CSI for100
a large user-population is unrealistic in broadcast channels or101
multicast systems. Therefore, the transmitter usually transmits102
its messages at a fixed power and using fixed modulation103
modes, rather than implementing power adaptation. However,104
in the downlink of TWR, there are only two users. Therefore105
the two user’s accurate CSI can be relatively easily obtained106
at the relay node. Hence we embark on investigating the two107
users’ joint power and rate allocation problem in the context of108
TWR by relying on perfect CSI.109
Therefore we take the challenge of designing joint power110
and rate adaptation aided NCM for the DF-TWR DL relying111
on side information. Compared to the conventional single-user112
adaptive modulation scheme of [15], the main differences can113
be summarized as follows:114
i) Instead of a single channel, the power allocation strategy115
of our proposed scheme has to simultaneously adapt to a116
pair of channel conditions;117
ii) The pair of R-D links are coupled due to the SNR loss118
imposed by NC-QAM, which implies that the user who119
has a lower transmit rate will suffer from an SNR loss [8];120
iii) When we investigate a discrete-rate adaptive scheme, a121
specific transmit power results in two different transmit122
rates, depending on the two links’ CSI. However, the123
power and the two rates cannot be optimally matched.124
Explicitly, when one user achieves its optimal power and125
rate match, it is highly likely that for the other user, the126
power will be higher than the user’s modulation mode127
actually needs at this moment, which implies that there128
is a power-loss. Alternatively at a given power this may129
be viewed as a rate-loss. By contrast, in [15], the power130
and rate allocation is always optimal. In conclusion, the131
Fig. 1. System model of DF-TWR (Three-timeslot TWR).
combination of joint power and rate adaptive modulation 132
aided NCM requires more sophisticated design than that 133
of conventional single-user adaptive modulation. 134
Based on the idea of intrinsically amalgamating NCM and 135
adaptive modulation, we propose near-instantaneously adaptive 136
NC-QAM/PSK for the downlink of DF-TWR, which can be re- 137
garded as a joint optimization with the objective of maximizing 138
the capacity of networks. As the RN simultaneously broadcasts 139
its signals to two receiver nodes, the same transmit power has 140
to adapt to both fading channel conditions. Therefore the key 141
challenge for the scheme is to optimize both the transmit power 142
and the transmit rates for the sake of maximizing the achievable 143
spectral efficiency, while satisfying the average power and 144
BER constraints. To solve this optimization problem, firstly, 145
we proposed a solution for a discrete-rate scheme based on 146
the so-called fading region partitioning method. Secondly, a 147
closed-form solution is derived for the power adaptation policy 148
of a continuous-rate adaptive scheme. Finally, on the basis of 149
this continuous-rate solution, we conceive another discrete-rate 150
scheme by invoking a continuous-rate discretization method. 151
Based on the above arguments it may be concluded that the 152
most significant contribution of this paper is the joint adaptive 153
allocation of power and rate for NCM. The proposed adaptive 154
NC-QAM/PSK scheme conceived for DF-TWR is capable of 155
beneficially improving the achievable spectral efficiency, there- 156
fore holds the promise of rich near-future applications. 157
The rest of this paper is organised as follows. Section II 158
presents our system model, while Section III describes our uni- 159
fied adaptive NCM optimization problem, followed by a pair of 160
discrete-rate solutions proposed for practical scenarios which are 161
applicable to arbitrary constellations. Section IV presents our 162
simulation results for characterizing our adaptive NC-QAM/ 163
PSK, while our concluding remarks are provided in Section V. 164
II. SYSTEM MODEL 165
Consider the DF-TWR network associated with a multi- 166
carrier system, which employs time division duplexing. Fig. 1 167
shows an abridged general view of a three-timeslot bi- 168
directional transmission system, which includes two destination 169
nodes and a relay node. Destination node 1 (DN1) and DN2 170
in the DL also act as source nodes (SN) during the uplink 171
transmission stage. The information exchange between the two 172
DNs can be divided into two distinct stages: the multiple access 173
(MA) stage when the two nodes separately send their data to the 174
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Fig. 2. System model of adaptive NC-QAM/PSK for DF-TWR.
relay, and the broadcast (BC) stage, when the relay broadcasts175
the combined signal to both DN1 and DN2. Each DN has176
a priori knowledge of its own message intended for the other.177
Based on the above-mentioned TWR model, we then con-178
struct the adaptive NC-QAM/PSK system model of Fig. 2,179
where the key part of the scheme is the transmitter design,180
constituted by the NCM design and the adaptive modulation181
design. Since the fixed-mode NCM has already been richly182
studied in [8], we focus our attention on adaptive NCM con-183
ceived for near-instantaneously time-varying fading channels.184
Accordingly, we describe the system model of adaptive NC-185
QAM/PSK.186
Before introducing the system’s structure, we first list the187
assumptions adopted in this paper:188
A1) The channel is a non-dispersive and slowly-varying189
Rayleigh fading channel. When the channel is changing190
faster than it can be estimated and fed back to the trans-191
mitter, adaptive techniques will perform poorly.192
A2) Perfect channel state information (CSI) is available both at193
the relay as well as at DN1 and DN2 using training-based194
channel estimation. The idealized simplifying assumption195
that the feedback path does not introduce any errors and196
has no latency may be approximately satisfied by using a197
low-delay feedback link relying on powerful error control.198
The practical system design relying on delayed or noisy199
CSI [15] is left for our future investigations.200
A3) Linear modulation is used, where the adaptation takes201
place at integer multiples of the symbol rate of Rs = 1/Ts,202
where Ts denotes the symbol duration. It is also assumed203
that the system uses ideal Nyquist criterion, having a band-204
width of B = 1/Ts. We assume having a non-dispersive205
discrete-time downlink channel having stationary ergodic206
time-varying gains of
√
gi[t], i = 1, 2 contaminated by the207
additive white Gaussian noise (AWGN) ni[t], where t208
denotes the time instants.209
We conceive the NCM design according to [8]. In this paper,210
we only focus our attention on the DL of DF-TWR, where the211
messages at the RN are processed and broadcast to DN1 and212
DN2 using NC-QAM/PSK. In the static asymmetric DF-TWR213
DL, the equivalent baseband signals received at the coherent 214
receiver of DN1 and DN2 are represented by 215
Yi = hiX + Zi, i = 1, 2, (1)
where the channel gains are denoted by |hi|2 = gi, with gi 216
representing the power gains. The transmit symbol at the RN is 217
denoted by X , while Zi represent the AWGN at DN1 and DN2. 218
Without loss of generality, we assume that the transmit 219
constellation sizes are denoted by M1, M2, let M2 ≥ M1, 220
M2/M1 = N. The messages w1, w2 to be transmitted from the 221
pair of source nodes will be merged into a single signal (denoted 222
by X) using the modulo-two operation at the relay [8]. For 223
QAM, the messages w1, w2 then will be respectively mapped 224
to symbols from the set of M -ary QAM constellation points, 225
which is formulated as 226
χi=
{
2
√
Mi
(
aIi +ja
Q
i
)
−
(√
Mi−1
)
(1+j) : aIi , a
Q
i ∈ Ai
}
,
(2)
where 227
Ai=
{{
0, 12
}
, if Mi=4{
0, 1√
Mi
, 2√
Mi
, . . . ,
√
Mi−1√
Mi
}
, if Mi>4
, i=1, 2 (3)
where Mi ∈ {4, 16, 64, . . .} for QAM. Given the normalised 228
amplitudes (aI1, a
Q
1 ) and (aI2, a
Q
2 ), the transmitter will generate 229
the NC-QAM symbol as 230
X = d
[
2
√
M2(a
I + jaQ)−
(√
M2 − 1
)
(1 + j)
]
, (4)
where we have d=
√
((3Es)/2(M2−1)−1)),M2>M1, while 231
d denotes half of the symbol-distance in QAM, given an energy 232
of Es per symbol. The normalised amplitudes are given by 233{
aI = aI1 + a
I
2,mod 1
aQ = aQ1 + a
Q
2 , mod 1.
(5)
For NC-PSK, w1, w2 will be mapped to the symbols χ1, χ2 234
chosen from a normalised M -ary PSK (MPSK) constellation, 235
as in χi = {cos θi + j sin θi : θi ∈ Θi}, where we have 236
Θi =
{
0,
2π
Mi
, . . . ,
2 (Mi − 1)π
Mi
}
, i = 1, 2, (6)
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where Mi ∈ {2, 4, 8, 16, . . .} for PSK. Given the phases θ1 and237
θ2, the transmitter generates an NC-PSK symbol given by238
X =
√
Es (cos θ + j sin θ) , (7)
where Es denotes the symbol energy, while the symbol’s phase239
θ is given by240
θ = θ1 + θ2 mod 2π. (8)
We then conceive near-instantaneously adaptive NCM for241
time-varying fading channels where the modulated signals will242
be represented by the signal sequence in the system model of243
Fig. 2. Therefore the previous symbol X will be represented as244
x[t], while Y will be represented by yi[t], i = 1, 2.245
Let us now describe our adaptive transmission scheme seen246
in Fig. 2. We consider discrete-time (t denotes discrete time247
instants) flat fading channels adhering to the assumptions A1)–248
A3), where the transmitter (relay) dynamically adjust both its249
transmit power and transmit rates according to the power gains250
g1[t] and g2[t] signalled to it from the two receivers (DN1 and251
DN2). Let us denote the average transmit power by S, the noise252
density of ni[t] by (N0/2), the channel gain by gi[t] and the253
average channel gain by g. For a constant transmit power S,254
the instantaneous received SNRs are γi[t] = Sgi[t]/(N0iB).255
Upon normalization by S, we can assume that g = 1. Then256
the average received SNRs are γi = S/(N0iB). We denote257
the probability distribution of the received SNR by p(γi) =258
p(γi[t] = γi). In this paper, the fading distributions p(γi) are259
assumed to be either lognormal or exponential (Rayleigh fad-260
ing). When the context is unambiguous, we will omit the time261
reference t related to ni, gi, γi and γi.262
The above-mentioned two designs constitute the fundamen-263
tal framework of our adaptive NC-QAM/PSK scheme. Specifi-264
cally, the assumption of A2) signifies that the feedback channel265
is error free and has no latency, which could be at least266
approximately satisfied by using a fast feedback link with267
powerful error control for feedback information. The feedback268
path delays are not shown in Fig. 2.269
III. ADAPTIVE NETWORK CODED M -ARY MODULATION270
In Section II we discussed the general system model of adap-271
tive NC-QAM/PSK. In this section we will describe the specific272
form of adaptive NC-QAM/PSK aided DF-TWR, where both273
the rate and the transmit power of M -ary QAM/PSK are varied274
near-instantaneously for the sake of maximizing the spectral ef-275
ficiency, while meeting the BER targets. We study this specific276
form of adaptive NCM in the context of the downlink of DF-277
TWR. Therefore, the main emphasis of this paper is on practical278
adaptive modulation and on its spectral efficiency normalized279
to the theoretical maximum. The remainder of this section280
is organized as follows. In Subsection A, we describe the281
optimization problem of our variable-rate, variable-power NC-282
QAM/PSK scheme. The spectral efficiency of our discrete-rate,283
continuous-power scheme is discussed in Subsection B. We284
then investigate the continuous-rate, continuous-power adaptive285
scheme in Subsection C. Finally, we propose a continuous-286
rate discretization method in Subsection D. Before analyzing287
our adaptive schemes, we would like to first list some of the 288
notations used. 289
• Mi(γi): denotes the constellation sizes that are used in 290
the continuous-rate scheme (Section III-C), with their 291
domains being Mi(γi) ≥ 1. 292
• M1,η , M2,δ: denotes the constellation sizes that are used in 293
discrete-rate schemes (Section III-B and D), which implies 294
that receiver 1 (or 2) adopt the transmission modes η (or 295
δ). Usually their values are discrete and are larger than 2. 296
• k(γi): denotes the continuous transmit rates. 297
• k1,η , k2,δ: denotes the discrete transmit rates. 298
• λi. denotes the SNR-loss imposed by NC-QAM. We in- 299
cluded the derivation of SNR-loss in the Appendix. 300
• S(γ1, γ2): denotes the continuous instantaneous transmit 301
power, which is related to instantaneous SNR γ1 and γ2. 302
• Sηδ(γ1, γ2): denotes the discrete instantaneous transmit 303
power, which corresponds to the transmission modes η 304
and δ. 305
• ωi: denotes the weighting coefficients of the relay-DN1 306
link and relay-DN2 link, respectively. 307
A. Unified Problem Formulation for Adaptive NC-QAM/PSK 308
Again, the emphasis of this contribution is on the transmitter 309
design relying on the CSI knowledge, therefore it is necessary 310
to derive the basic formulas required for the transmitter’s de- 311
sign. Based on these formulas we unify the basic optimization 312
problem for adaptive NC-QAM/PSK, which will be discussed 313
in Subsections B, C and D. 314
1) The Achievable Rate for the Downlink of the TWR: 315
According to Section II, when the time reference t can be 316
omitted, without any ambiguity we may rewrite the expression 317
of the corresponding parameters as γi, i = 1, 2, γi and p(γi), 318
which will be used in deriving the system’s capacity. The 319
capacity of fading channels for DF-TWR is limited by both the 320
transmit power and bandwidth available. Let S(γ1, γ2) denote 321
the transmit power relative to the instantaneous SNR γ1 and γ2, 322
subject to the average power constraint of 323
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯, (9)
where p(γ1) is independent of p(γ2). When considering a 324
Rayleigh fading channel for example, we have 325
p(γi) =
1
γi
e−γi/γi , i = 1, 2, (10)
where γi = STs/N0 = Es/N0 denotes the average SNR per 326
symbol, Ts = 1/B. 327
The BER performance of NC-QAM/PSK matches well with 328
the theoretical BER expressions provided in [8], [23]. How- 329
ever, the theoretical BER expressions contain the Q-function 330
[24], which is hard to invert. In our proposed adaptive NC- 331
QAM/PSK scheme, we use Error Probability Bounds (EPBs) 332
([23, Chapter 9]) instead of the theoretical BER expressions 333
([23, Table 6.1]). Particularly, NC-QAM exhibits a modest SNR 334
loss, when the selected constellation sizes of the DN1 and 335
DN2 are different [8]. Therefore the concept of the SNR-loss 336
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coefficients λ1, λ2 will be introduced into our BER expressions.337
However, there is no SNR-loss for NC-PSK [8]. To unify these338
expressions, we introduce the same coefficients, but let λ1 =339
λ2 = 1 for NC-PSK.340
The unified approximation BER bound has been provided in341
[23, Chapter 9.4]. If we consider the above-mentioned SNR-342
loss and write the BER bound [23] in a pairwise form, then we343
arrive at:344 ⎧⎪⎪⎨
⎪⎪⎩
Pb1(γ1) ≤ c1 exp
[
−c2λ1γ1 S(γ1,γ2)S¯
2c3k(γ1)−c4
]
Pb2(γ2) ≤ c1 exp
[
−c2λ2γ2 S(γ1,γ2)S¯
2c3k(γ2)−c4
]
,
(11)
where c1, c2 and c3 are fixed positive constants, while c4 is a345
real constant. The received SNRs now become γiS(γ1, γ2)/S¯,346
i = 1, 2. The transmit rates k(γ1), k(γ2) hence become347
k(γi) =
log2Mi(γi)
c3
, i = 1, 2, (12)
whereMi(γi) represents the constellation sizes, while the SNR-348
loss coefficients λ1 and λ2 are349
λi =
⎧⎪⎪⎨
⎪⎪⎩
1−M−1
i
(γi)
1−M−11 (γ1)
, if M1(γ1) ≥ M2(γ2) ≥ 1, i = 1, 2
1−M−1
i
(γi)
1−M−12 (γ2)
, if M2(γ2) ≥ M1(γ1) ≥ 1, i = 1, 2
1, NC − PSKscheme.
(13)
The SNR-loss coefficients are obtained according to Paragraph 1,350
Line 10 of the Appendix, where for the sake of streamlining351
the related formula, we let λ1 = λ2 = 1 for NC-PSK. Of352
particular note is that in Eq. (13), the values of the constellation353
sizes M1(γ1) and M2(γ2) are continuous, with their domains354
being [1,∞).355
From Eq. (13) we see that when the MQAM constellation356
sizes M1(γ1) and M2(γ2) are fixed and different, an SNR loss357
is imposed at the destination node having a lower-order constel-358
lation size. Fortunately, the SNR loss decreases upon increasing359
the receiver-side SNR, which means that higher-order modula-360
tions can be used. We will carry out the related analysis accord-361
ing to the different scenarios in the subsequent subsections.362
Throughout this paper, the BER bounds of MQAM are given363
by ([23, Eqs. (9.6) and (9.7)]), where we have c1 = 2 or 0.2,364
c2=1.5, c3=1 and c4=1. The SNR-loss coefficients λi, i=1, 2365
are given by Eq. (13). By contrast, the BER bound of MPSK366
is given by ([23, Eq. (9.49)]), with c1=0.05, c2=6, c3=1.9,367
c4 = 1. Specifically, we have λi=1, i=1, 2 for MPSK.368
To facilitate our forthcoming discussions and calculations,369
Eq. (11) may be reformulated as370
Mi(γi) ≤ c4 +KiλiγiS(γ1, γ2)
S¯
, i = 1, 2, (14)
where371
Ki = − c2
ln (Pbi/c1)
. (15)
These BER bounds may be expected to closely approximate372
the accurate BER expressions and may also be readily inverted.373
Therefore we can obtain Mi(γi) or k(γi) as a function of Pbi374
and S(γ1, γ2).375
2) Variable-Rate, Variable-Power NC-QAM/PSK: Let us 376
now discuss the capacity of variable-rate, variable-power NC- 377
QAM/PSK for the downlink of DF-TWR. As seen in Fig. 2, 378
in a fading channel where the relay broadcasts its signals to 379
both DN1 and DN2, the receiver side SNR γ1, γ2 fluctuates 380
as a function of time. We adjust S(γ1, γ2) according to γ1, γ2, 381
under the average power constraint of S¯. 382
Our optimization problem is then formulated as that of 383
maximizing the spectral efficiency of adaptive NCM. Let 384
R[γ1, γ2, S(γ1, γ2)] denote the available rate as a function of 385
γ1, γ2 and S(γ1, γ2), which is expressed as 386
R [γ1, γ2, S(γ1, γ2)] =
2∑
i=1
ωi
c3
log2Mi(γi), i = 1, 2, (16)
where Mi(γi) is given by Eq. (14), ω1 denotes the significance 387
of the DN1 channel, while that of the DN2 channel is ω2. 388
Naturally, we have ω1 + ω2 = 1 and 0 ≤ ωi ≤ 1, i = 1, 2. 389
The achievable spectral efficiency is obtained by integrating 390
the rate function over the fading region D. We then unify the 391
optimization problem as follows: 392
maximize R
B
=
∫ ∫
D
R[γ1,γ2, S(γ1, γ2)]p(γ1)p(γ2)dγ1dγ2
subject to
∫ ∫
D
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯
S(γ1, γ2) ≥ 0
D = R2, (17)
where S¯, S(γ1, γ2), γi, B, p(γi) were defined as that of our 393
system model. 394
Since the logarithmic functions in Eq. (16) are concave 395
and so is their sum, Eq. (17) constitutes a convex optimiza- 396
tion problem. We form the Lagrangian by exploiting the 397
Karush–Kuhn–Tucker (KKT) condition similarly to the ap- 398
proach of [18], where υ∗ and μ∗ are Lagrange multipliers. In 399
particular, for the discrete-rate scheme, the integration area D 400
is divided into sub-areas denoted by Dη,δ , which are used as 401
our optimization variables. 402
We are now in the position to conceive two different 403
adaptive schemes, namely a discrete-rate, continuous-power 404
NC-QAM/PSK and a continuous-rate, continuous-power NC- 405
QAM/PSK arrangement. For the former optimization problem, 406
not only the transmit power adaptation policy, but also the 407
fading region division requires further discussions. For the 408
latter scheme, we just have to find the optimal power adaptation 409
policy that maximizes the achievable spectral efficiency, which 410
is formulated as Eq. (18), shown at the bottom of the next page. 411
Eq. (17) presents a general formulation of the adaptive NC- 412
QAM/PSK optimization problem. In the following subsections, 413
both the discrete-rate, continuous-power and the continuous- 414
rate, continuous-power adaptive schemes will be investigated 415
in detail. 416
B. Discrete-Rate Adaptive M -ary QAM/PSK 417
According to the optimization problem formulated in the 418
previous subsection, we conceive a practical solution for adap- 419
tive NC-QAM/PSK, which is referred to as our discrete- 420
rate, continuous-power DF-TWR scheme. Explicitly, in the 421
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traditional single-user continuous-rate adaptation scheme we422
have to find the optimal cutoff fade depth parameter υ∗[15],423
whilst in the proposed discrete-rate schemes, our goal is that424
of finding the joint optimal power and rate for the pair of425
independent fading distributions of the relay-DN1 and relay-426
DN2 links. This issue will be discussed first, followed by427
a solution for our discrete variable-rate, variable-power NC-428
QAM/PSK scheme.429
Similarly to our previous system model, the BER bounds of430
Eq. (11) and its rearranged form in Eq. (14) constitute the basis431
of our discussions. In the joint-optimization scheme destined432
for the receivers DN1 and DN2, the transmit rates are denoted433
by k1,η and k2,δ , which directly depend on the constellation434
sizes M1,η and M2,δ as follows:435 {
k1,η =
log2 M1,η
c3
k2,δ =
log2 M2,δ
c3
.
(19)
For each receiver side at DN1 and DN2, we adopt the single-436
user partitioning method of [15]. Specifically, we consider the437
discrete sets of MQAM/MPSK transmission modes M1=438
{M1,0, . . . ,M1,N1−1}, M2={M2,0, . . . ,M2,N2−1}, with439
M1,0=0 and M2,0=0 implying no transmission. The receiver-440
side SNR distributions are then divided into N1 and N2 fading-441
magnitude regions denoted by R1,n1 =[γ1,n1−1, γ1,n1), n1=442
0, . . . , N1−1, R2,n2 =[γ2,n2−1, γ2,n2), n2=0, . . . , N2−1,443
where γi,−1=0, γi,Ni−1=∞, i=1, 2. We then activate the pair444
of fixed constellation sizes of M1,n1 , M2,n2 , when the receiver445
side SNRs obey γ1∈R1,n1 , γ2∈R2,n2 .446
According to the above fading-magnitude partitioning method447
and to the basic optimization problem of Eq. (17), we have now448
formulated our basic discrete-rate scheme for DF-TWR. The449
associated power control policy conceived for joint-optimization450
should now be discussed further. Let Sηδ(γ1, γ2), η∈{0, 1, . . . ,451
N1−1}, δ∈{0, 1, . . . , N2−1} denote the relay’s transmit452
power for γ1∈R1,n1 , γ2∈R2,n2 . From Eq. (14) we arrive at:453 {
Sηδ(γ1,γ2)
S¯
≥ M1,η−c4λ1K1γ1
Sηδ(γ1,γ2)
S¯
≥ M2,δ−c4λ2K2γ2 ,
(20)
where γ1, γ2, c4, K1, K2, λ1, and λ2 are derived as part of454
previous subsection. For MQAM, λ1, λ2 are given by Eq. (13),455
whereas for MPSK, we have λ1 = λ2 = 1.456
The most important difference between our discrete-rate and457
continuous-rate schemes is that in the discrete-rate scheme, the458
inequalities in Eq. (20) cannot assume equality at the same459
time. Since the rates only have discrete values, therefore a460
fixed Sηδ(γ1, γ2) cannot satisfy both equations simultaneously,461
except when γ1 = γ2, which is practically impossible in time-462
varying fading channels. Similarly to the single-user variable- 463
rate, variable-power MQAM scheme discussed in [15], our 464
proposed discrete-rate scheme cannot achieve the optimal per- 465
formance of the continuous-rate adaptive scheme to be studied 466
in Subsection C, hence there is an inevitable power-loss or 467
rate-loss. Let us now continue by making some reasonable 468
adjustments to our power control policy. Let 469
Sηδ(γ1, γ2)
S¯
= max
{
M1,η − c4
λ1K1γ1
,
M2,δ − c4
λ2K2γ2
, 0
}
, (21)
where we have 470⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λ1 = 1, λ2 =
1−M−1
2,δ
1−M−11,η
, if M1,η ≥ M2,δ ≥ 2
λ1 =
1−M−11,η
1−M−1
2,δ
, λ2 = 1, if M2,δ ≥ M1,η ≥ 2
λ1 = 1, λ2 = 1, NC − PSKscheme.
(22)
Of particular note is that in Eq. (22), the constellation sizes are 471
discrete, with their domains being {2, 4, 8, 16, . . .}. Consider- 472
ing QAM for example, the constellation size is generally larger 473
than 2 (corresponding to PAM). 474
According to Eq. (17), the optimization problem can be 475
distilled down to maximizing 476
R
B
=
N1−1∑
η=0
N2−1∑
δ=0
(ω1λ1k1,η+ω2λ2k2,δ)
∫ ∫
Dη,δ
p(γ1)p(γ2)dγ1dγ2
(23)
subject to 477⎧⎪⎪⎨
⎪⎪⎩
∑N1−1
η=0
∑N2−1
δ=0
∫ ∫
Dη,δ
Sηδ(γ1,γ2)
S
p(γ1)p(γ2)dγ1dγ2=1
Dη,δ
⋂
Dη′,δ′ =φ⋃
η
⋃
δ Dη,δ=R
2,
(24)
where Dη,δ and Dη′,δ′ denote the different regions correspond- 478
ing to the different transmit rates of k1,η , k2,δ and k1,η′ , k2,δ′ . 479
To find the optimal fading-magnitude divisions for each des- 480
tination node, we may also formulate the Lagrangian with the 481
aid of the KKT conditions. However, the shape of Dη,δ obeys 482
arbitrary quadrilaterals, therefore the discrete-rate optimization 483
problem becomes excessively complex to be solved with the 484
aid of general optimization methods. Inspired by the basic 485
set-partition algorithm of [15], without changing the nature 486
of the problem, we make some adjustments for our problem 487
by restricting the fading-magnitude regions into rectangular 488
areas (Fig. 3 shows the schematic of this version). In each 489
rectangular area, we use the constellation sizes M1,η, η ∈ N for 490
DN1 and M1,δ, δ ∈ N for DN2, which determine the attainable 491
transmission rates. 492
J [υ∗, D, γ1, γ2, S(γ1, γ2)] =
∫ ∫
D
R [γ1, γ2, S(γ1, γ2)] dγ1dγ2 + υ
∗
⎛
⎝S¯ − ∫ ∫
D
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2
⎞
⎠
+
∫ ∫
D
μ∗S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 (18)
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Fig. 3. Schematic of rectangular areas.
According to our adjusted method, the optimization problem493
can be simplified to that of maximizing494
R
B
=
N1−1∑
η=0
N2−1∑
δ=0
(ω1k1,η+ω2k2,δ)
γ1,η∫
γ1,η−1
p(γ1)dγ1
γ2,δ∫
γ2,δ−1
p(γ2)dγ2
(25)
subject to495 ⎧⎪⎪⎨
⎪⎪⎩
∑N1−1
η=0
∑N2−1
δ=0
γ1,η∫
γ1,η−1
γ2,δ∫
γ2,δ−1
Sηδ(γ1,γ2)
S¯
p(γ1)p(γ2)dγ1dγ2=1
0 < γ1,0 < . . . < γ1,η−1 < γ1,η < . . . < γ1,N1−1
0 < γ2,0 < . . . < γ2,δ−1 < γ2,δ < . . . < γ2,N2−1, (26)
where γ1,η and γ1,j denote the rectangular fading region bound-496
aries, and again, k1,η , k2,δ , p(γ1), p(γ2), ω1 and ω2 are derived497
previously.498
The corresponding power adaptation policy is the same as499
that of Eq. (21). Upon substituting Eq. (21) into Eq. (26), we500
may rewrite the power constraint as Eq. (27), shown at the501
bottom of the page. An intuitive interpretation of Eq. (27) is as502
follows. Throughout the entire fading-magnitude region, given503
γ1, γ2 and Sηδ(γ1, γ2), the discrete transmit rates destined for504
DN1 and DN2 cannot reach their optimal match with the same505
power at the same time. However, in the context of joint opti-506
mization, Eq. (21) facilitates that at least one of the equalities507
is satisfied in Eq. (20), which implies that if one of the user’s508
rate and power achieves the optimal match,2 the other user will509
have a rate determined by the maximum constellation size it can510
reach. In other words, it is highly likely that for the other DL511
user, the power will be higher than that required by the user’s512
2Here, the optimal match implies that the transmit power is the one which
happens to be the power that a specific modulation mode requires.
modulation mode at this moment. Intuitively, according to our 513
proposed power allocation policy, the optimization target is that 514
of maximizing the pair of users’ weighted sum rate. Therefore, 515
the index of the particular user that reaches its optimal match 516
with the available power depends mainly on its weight coeffi- 517
cient and instantaneous SNR. In other words, the identifier of 518
the specific user that reaches its optimal power and rate match 519
is ultimately determined by its contribution to the sum rate. 520
Based on the above discussions, we may obtain the optimal 521
region partitionsR1,η=[γ1,η−1,γ1,η), η=0, . . . ,N1−1 andR2,δ= 522
[γ2,δ−1, γ2,δ), δ=0, . . . , N2−1, which are jointly determined by 523
the average power constraint and the fading distributions. There 524
is no closed-form solution to this kind of problem [15]. How- 525
ever, similarly to the approach of [15], we conceive a numerical 526
search algorithm with low complexity for finding the optimal 527
boundaries3 R1,η and R2,δ. This may require a large amount of 528
calculations. However, once the optimal boundaries have been 529
found, they can be used without real-time calculations. 530
C. Continuous-Rate Adaptive M -ary NC-QAM/PSK 531
According to the optimization problem formulated in Sub- 532
section A, our continuous-rate adaptive NC-QAM and the 533
concept of generalized adaptive NCM will be investigated in 534
this subsection. In contrast to the information theoretic dis- 535
cussion of [18], the proposed continuous-rate adaptive NCM 536
schemes are based on BER bounds. More particularly, the SNR- 537
loss imposed by adaptive NC-QAM will be discussed in the 538
context of the associated BER expressions. For PSK and other 539
M -ary modulations, which obey the BER-bound of (11), a uni- 540
fied solution is presented, which relies on channel prediction. 541
1) Continuous-Rate Adaptation for NC-QAM: As discussed 542
in Subsection A, a tight BER bound is given by Eq. (11). For 543
NC-QAM, the maximum constellation size capable of meeting 544
the target Pbi is given by Eq. (14). Let c1=0.2, c2=1.5, c3=1 545
and c4 = 1 when Mi ≥ 4 and 0 ≤ γi ≤ 30 dB [23]. For our 546
continuous-rate scheme, the pair of inequalities in Eq. (14) are 547
capable of simultaneously meeting the equality conditions. We 548
then have 549{
M1(γ1) = 1 +K1λ1γ1
S(γ1,γ2)
S¯
M2(γ2) = 1 +K2λ2γ2
S(γ1,γ2)
S¯
,
(28)
where Ki = −1.5/ ln(5Pbi), i = 1, 2. 550
According to Eq. (16), the rate function of jointly-optimal 551
NC-QAM may be formulated as 552
R [γi, S(γ1, γ2)]=
2∑
i=1
ωi log2
(
1+Kiλiγi
S(γ1, γ2)
S¯
)
, i=1, 2.
(29)
3The optimal boundaries are the optimal channel state thresholds correspond-
ing to the different modulation modes.
N1−1∑
η=0
N2−1∑
δ=0
γ1,η∫
γ1,η−1
γ2,δ∫
γ2,δ−1
max
{
M1,η − c4
λ1K1γ1
,
M2,δ − c4
λ2K2γ2
, 0
}
p(γ1)p(γ2)dγ1dγ2 = 1 (27)
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Again, the SNR-loss imposed by NC-QAM was quantified in553
terms of a so-called ‘SNR-loss coefficient λ’ in [8], which will554
now be considered in the context of Eq. (13). Specifically, we555
found that for the larger constellation size of the two, there is556
no SNR-loss according to [8]. In other words, the SNR loss557
only exists for the specific destination node, which has the558
smaller constellation size. Furthermore, the SNR-loss decreases559
upon increasing the receiver-side SNR. Based on the above560
discussions, we treat the coefficients λ1 and λ2 as a pair of561
inequality constrains.562
For fading channels, we substitute Eq. (29) into Eq. (17) and563
then reformulate the optimization problem by maximizing564
R
B
=
∞∫
0
∞∫
0
2∑
i=1
ωi log2
(
1+Kiλiγi
S(γ1,γ2)
S
)
p(γ1)p(γ2)dγ1dγ2
(30)
subject to565 ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯
S(γ1, γ2) ≥ 0
λ1
(
1− 1
(1+K2γ2λ2S(γ1,γ2/S)
)
≤1− 1
(1+K1γ1λ1S(γ1,γ2)/S)
λ2
(
1− 1
(1+K1γ1λ1S(γ1,γ2)/S)
)
≤1− 1
(1+K2γ2λ2S(γ1,γ2)/S)
λ1 ≤ 1
λ2 ≤ 1,
(31)
566
λi = min
(
1,
1−Mi(γi)−1
1−M3−i(γ3−i)−1
)
, i = 1, 2, (32)
where ω1, ω2, S¯, S(γ1, γ2), γi, γi, p(γi) and Pbi are defined as567
in the previous subsection.568
Upon substituting Eq. (32) into Eq. (30), we arrive at a569
challenging problem, which is difficult to solve using general570
mathematical tools. When considering the SNR-loss coeffi-571
cients, we will simplify our discussions by setting an upper572
bound and a lower bound for λi.573
The upper bound readily emerges by letting λ1 = λ2 = 1,574
which means that there is no SNR-loss. As to the lower bound,575
we first set λ1 = λ2 = λ∗, which results in:576 {
M1(γ1) = 1 +K1λ
∗γ1
S(γ1,γ2)
S¯
M2(γ2) = 1 +K2λ
∗γ2
S(γ1,γ2)
S¯
.
(33)
We now have to discuss different cases for Eq. (33). If we577
consider K1γ1 ≥ K2γ2 first, then we have M1(γ1) ≥ M2(γ2).578
According to Eq. (13), the SNR-loss coefficients λ∗ now579
becomes580
λ∗ =
1−
(
1 +K2λ
∗γ2
S(γ1,γ2)
S¯
)−1
1−
(
1 +K1λ∗γ1
S(γ1,γ2)
S¯
)−1
> 1−
(
1 +K2λ
∗γ2
S(γ1, γ2)
S¯
)−1
. (34)
Since the constellation size of MQAM is larger than 2, we then 581
set the lower bound by letting M1(γ1) ≥ M2(γ2) ≥ 2, which 582
implies that we may have 583
λ∗ > 1−
(
1 +K2λ
∗γ2
S(γ1, γ2)
S¯
)−1
=
1
2
. (35)
For the scenario of K1γ1 ≤ K2γ2, we may get result similar 584
to Eq. (35). Since the SNR-loss decreases upon increasing the 585
constellation size, it is reasonable to set a lower bound by letting 586
λ∗ = 0.5. Hence we have found both a lower and an upper 587
bound for the SNR-loss coefficients. 588
Let us now discuss the corresponding solutions for adaptive 589
NC-QAM. Let us commence by considering the simple case 590
of λ1 = λ2 = 1, for the target BER functions associated with 591
K1 = K2 = K and the weight factors of ω1 = ω2 = 0.5. To 592
find the optimal power allocation S(γ1, γ2), we substitute λ1 = 593
λ2 = 1, as well as K1 = K2 = K into Eq. (30) and Eq. (31). 594
Then we may rewrite Eq. (18) as 595
J [S(γ1, γ2)]
=
∞∫
0
∞∫
0
2∑
i=1
ωi log2
(
1+Kγi
S(γ1, γ2)
S¯
)
p(γ1)p(γ2)dγ1dγ2
+ υ∗
⎛
⎝S¯ −
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2
⎞
⎠
+
∞∫
0
∞∫
0
μ∗S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2. (36)
Upon differentiating the Lagrangian and setting the resultant 596
derivative to zero, we arrive at: 597
∂J [S(γ1, γ2)]
∂S(γ1, γ2)
= 0,
∂J(υ∗)
∂υ∗
= 0, (37)
yielding: 598⎧⎪⎪⎪⎨
⎪⎪⎪⎩
[∑2
i=1 ωi
(
1/ ln 2
1+Kγi
S(γ1,γ2)
S¯
)
Kγi
S¯
−υ∗+μ∗
]
p(γ1)p(γ2) = 0
μ∗S(γ1, γ2) = 0
S(γ1, γ2) ≥ 0
μ∗ ≥ 0.
(38)
Solving Eq. (38) for S(γ1, γ2) under the relevant power 599
constraint yields the complementary slack condition υ∗ (see 600
bottom of the next page)4 and the power adaptation policy that 601
maximizes Eq. (30), as seen in Eq. (39), shown at the bottom 602
of the next page. Upon substituting the channel estimates and 603
the power adaptation policy of Eq. (39) back into Eq. (30), 604
we arrive at the jointly-optimized cutoff fade depth υ∗, below 605
which the transmissions are disabled. Then the maximum spec- 606
tral efficiency can be achieved for the parameters γ1, γ2, p(γ1), 607
4Firstly, when μ∗ > 0, S(γ1, γ2) = 0, we have (ω1Kγ1/S ln 2) +
(ω2Kγ2/S ln 2)− υ∗ + μ∗ = 0 ⇒ υ∗ > (ω1Kγ1 + ω2Kγ2/S ln 2).
Secondly, when μ∗ = 0, S(γ1, γ2) > 0, we have υ∗ = (ω1Kγ1/S ln 2(1 +
Kγ1(S(γ1, γ2)/S))) + (ω2Kγ2/S ln 2(1 +Kγ2(S(γ1, γ2)/S))) <
(ω1Kγ1 + ω2Kγ2/S ln 2). Finally, the critical value is classified into the
first case. So we get the complementary slack condition υ∗.
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p(γ2), ω1, ω2, Pb1 and Pb2 . For the lower bound of λi = 0.5,608
we may arrive at a similar expression.609
What has been discussed above is a special case of MQAM,610
where the BER requirements at both DN1 and DN2 are the611
same and the SNR loss coefficients are λi = 1. In the following612
subsection we will extend our variable-rate, variable-power613
adaptation scheme to more general schemes, such as NC-PSK,614
where there is no SNR loss.615
2) Continuous-Rate Adaptation for General M -ary Mod-616
ulation: The variable-rate and variable-power techniques617
discussed above for MQAM can be applied to other M -ary618
modulations. For any modulation scheme having a BER expres-619
sion similar to Eq. (11), the basic premises are the same. Both620
the transmit power and the constellation sizes are adapted for621
maintaining both target BERs of the DN1 and DN2, while max-622
imizing the overall rates. Given the parameters of S¯, S(γ1, γ2),623
γi, γi, p(γi) and Pbi in our system model, there is no SNR-loss624
in the BER expression of NC-PSK, therefore we let λ1 = λ2 =625
1 for our adaptive NC-PSK scheme. Without loss of generality,626
the BER requirements of NC-PSK can be different, given K1627
and K2 in Eq. (15). Using the same method as in the previous628
subsection, we arrive at the following more general power629
adaptation policy see Eq. (40), shown at the bottom of the page.630
When considering MPSK relying on the BER bound of631
Eq. (9.49) in [23] for example, by substituting c1 = 0.05, c2 =632
6, c3 = 1.9, c4 = 1, γi, γi, p(γi) and Pbi into Eq. (15), we may633
find the best cutoff fade depth υ∗, which hence allows us to634
calculate the maximum achievable spectral efficiency for the635
conditions considered.636
D. Continuous-Rate Discretization for Adaptive637
M -ary QAM/PSK638
Based on our discussions of the continuous-rate adaptation639
scheme of Subsection C, in this subsection, we proposed an-640
other discrete-rate transmission scheme, which we refer to as641
the Continuous-Rate Discretization Algorithm of NC-QAM/642
PSK. In our following discussions we consider the SNR loss 643
upper bound of λ1 = λ2 = 1 for MQAM. 644
We assume that the parameters of our continuous-rate scheme 645
have already been calculated. The divisions of the fading- 646
magnitude regions are the same as in Subsection B. The discrete 647
sets of MQAM/MPSK transmission modes are M1={M1,0, 648
. . . ,M1,N1−1}, M2={M2,0, . . . ,M2,N2−1}, with M1,0 = 0 649
and M2,0=0 implying no transmission. Let M ′1,η and M ′2,δ 650
denote the new rates corresponding to the continuous rates of 651
M1 and M2, when they falls into specific fading-partitions. 652
According to Eq. (17), the target problem now becomes that 653
of calculating Eq. (41), shown at the bottom of the page, where 654
M ′1,η and M ′2,δ are obtained with the aid of Algorithm 1. Again, 655
ω1, ω2, γ1, γ2, p(γ1), p(γ2), Pb1 , Pb2 and S are all the same, as 656
in the previous subsections. 657
Algorithm 1 Continuous Rate Discretization Algorithm 658
Step 1) Calculate the corresponding parameters M1, M2, 659
S(γ1, γ2) and υ∗ for given γ1, γ2 values in the 660
context of our continuous-rate adaptive scheme. 661
Step 2) Round M1, M2 down to the nearest integer con- 662
stellation sizes of M ′1,η ∈ M1,M ′2,δ ∈ M2 with 663
S(γ1, γ2) remaining unchanged. 664
Step 3) Substitute M ′1,η , M ′2,δ into Eq. (41) and recalculate 665
the spectral efficiency. 666
It is important to note that when we round the continuous- 667
valued M1, M2 down to the nearest integers, the transmit power 668
S(γ1, γ2) remains unchanged. Additionally, letting λ1 = λ2 = 669
1 for MQAM implies that we ignore the SNR loss, which is in- 670
deed small enough to be neglected. Although this arrangement 671
is not as beneficial as the scheme of Subsection B, the proposed 672
design provides another feasible technique of realizing adaptive 673
NC-QAM/PSK. 674
S(γ1, γ2)
S¯
=
⎧⎨
⎩
1
2
√(
1
Kγ1
+ 1Kγ2 − 1υ∗S¯ ln 2
)2
− 4υ∗K2γ1γ2
(
υ∗− ω1Kγ1+ω2Kγ2
S¯ ln 2
)
+ 1
2υ∗S¯ ln 2− 12Kγ1 − 12Kγ2 , υ∗<
ω1Kγ1+ω2Kγ2
S¯ ln 2
0, υ∗≥ ω1Kγ1+ω2Kγ2
S¯ ln 2
(39)
S(γ1, γ2)
S¯
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
2
√(
c4
K1γ1
+ c4K2γ2 − 1υ∗c3S¯ ln 2
)2
− 4υ∗K1K2γ1γ2
(
υ∗c24− ω1c4K1γ1+ω2c4K2γ2c3S¯ ln 2
)
+ 1
2υ∗c3S¯ ln 2
− c42K1γ1 − c42K2γ2 ,
υ∗ < ω1K1γ1+ω2K2γ2
c3c4S¯ ln 2
0, υ∗ ≥ ω1K1γ1+ω2K2γ2
c3c4S¯ ln 2
(40)
R
B
=
∞∫
0
∞∫
0
N1−1∑
η=1
N2−1∑
δ=1
[
ω1
c3
log2
(
M ′1,η
)
+
ω2
c3
log2
(
M ′2,δ
)]
p(γ1)p(γ2)dγ1dγ2 (41)
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TABLE I
SCENARIOS AND UNIFIED PARAMETERS FOR QAM
TABLE II
SCENARIOS AND UNIFIED PARAMETERS FOR PSK
IV. PERFORMANCE RESULTS675
A basic fixed-rate of NC-QAM/PSK was proposed in [8],676
[9], which provides the basis of our adaptive transmission677
scheme. In this section, a range of representative numerical678
results are presented for validating our theoretical analysis. Our679
emphasis is on the spectral efficiency of variable-rate, variable-680
power NC-QAM/PSK. Furthermore, both the continuous-rate681
and discrete-rate adaptive NC-QAM/PSK schemes are com-682
pared to their respective benchmark schemes for demonstrating683
its potential. Specifically, we invoke the single-user adaptive684
MQAM/MPSK scheme of [15], [23] and the Shannon capacity685
based joint-optimization schemes [14], [18] as our benchmarks,686
which are described as Scenario 1–8 in Tables I and II.687
The following assumptions will be exploited throughout our688
simulations. Let us focus our attention on Rayleigh fading689
channels, where the fading distributions are given by Eq. (10).690
The near-instantaneous SNR fluctuations are limited to a dy-691
namic range, which was set to be 10 times the average SNR.692
The SNR-loss coefficient upper bounds of NC-QAM are set to693
λ1 = λ2 = 1 (Scenario 6), while the lower bounds are set to694
λ1 = λ2 = 0.5 (Scenario 7). For continuous-rate adaptive NC-695
QAM/PSK schemes, all the other parameters of Scenarios 1–8696
are depicted in Tables I and II.697
Figs. 4 and 5 also include the benchmarks of [14] (versus698
Scenarios 4 and 8), [15] (versus Scenarios 2 and 5), [18] (versus699
Scenario 3), as well as Eqs. (39) and (40) (versus Scenarios700
6 or 7) derived for our MQAM/MPSK scheme as a function701
of the average received SNR for transmission over Rayleigh702
fading channels. The capacity of an AWGN channel (versus703
Scenario 1) is also shown as comparison for the same average704
power. Several observations are worth discussing. Firstly, our705
adaptive NC-QAM/PSK is capable of approaching both the706
Fig. 4. Comparison of Scenarios 1–8 in terms of their spectral efficiency
(QAM).
Fig. 5. Comparison of Scenarios 1–7 in terms of their spectral efficiency
(PSK).
capacities of our proposed continuous-rate adaptive schemes, as 707
well as of the schemes proposed in [18] and those of the single- 708
user adaptation proposed in [15]. This is quite valuable, because 709
we are supporting a bidirectional network-coded scenario. 710
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Fig. 6. Spectral efficiency of our continuous-rate adaptive NC-QAM,
discrete-rate adaptive NC-QAM, continuous-rate discretization adaptive
NC-QAM (Scenario 5, 6 of Fig. 4, M = {0, 2, 4, 16}).
Fig. 7. Spectral efficiency of our continuous-rate adaptive NC-PSK, discrete-
rate adaptive NC-PSK, continuous-rate discretization adaptive NC-PSK
(Scenario 5, 6 of Fig. 5, M = {0, 2, 4, 8}).
Of particular note is in Fig. 4 that Eq. (39) relies on the upper711
bound of the SNR-loss coefficients, which were discussed in712
Section III. In Fig. 4 we also characterized NC-QAM relying on713
the SNR-loss lower bound associated with λ1 = λ2 = 0.5. The714
upper- and lower-bound curves are quite close to each other,715
which indicates that the impact of SNR-loss on the achievable716
spectral efficiency is small enough to be neglected. Secondly,717
both our schemes and the scheme proposed in [18] perform718
better than MQAM operating without power adaptation (versus719
Scenarios 8 and 7 in Figs. 4 and 5, respectively). Finally, upon720
increasing of the SNR, the discrepancy between our proposed721
schemes and the single-user adaptive schemes of [15] tends to722
narrow.723
The continuous-rate discretization algorithm is now compared724
to the discrete-rate scheme proposed in Section III-B, using the725
same parameters of γi=[1, 2, 3, 4, 5, 10, 15, 30, 50, 100, 200,726
316], i=1, 2, γi∈ [0, 10∗γi], S=1, ω=0.5, Pbi =10−3, B=1,727
and the Rayleigh distribution p(γi) given by Eq. (10). We divide728
the dynamic range of the fading into four regions, and employ729
Mi={0, 2, 4, 16}, i=1, 2 for MQAM and Mi={0, 2, 4, 8},730
i=1, 2 for MPSK. The SNR-loss parameters λi are given by731
Eq. (22) for MQAM and λi=1 for MPSK.732
Figs. 6 and 7 characterize the performance of our discrete-rate733
variable-power MQAM/MPSK scheme as well as of the adaptive734
single-user scheme of [15] (versus Scenario 5) and of the735
continuous-rate discretization algorithm of Section III-D. Both736
TABLE III
RATE AND POWER ADAPTATION FOR MQAM (4 REGIONS)
TABLE IV
RATE AND POWER ADAPTATION FOR MPSK (4 REGIONS)
Figs. 6 and 7 show that the performance of our discrete-rate 737
schemes approaches that of the adaptive single-user MQAM/ 738
MPSK schemes proposed in [15], despite the more challenging 739
scenario of supporting bidirectional NC. According to Fig. 4, 740
the proposed discrete-rate schemes exhibit a better performance 741
than the scheme operating without power adaptation. Compared 742
to the continuous-rate discretization algorithm, the discrete-rate 743
continuous-power scheme proposed in Section III-B performs 744
better. Additionally, it is important to note that in Fig. 6 we char- 745
acterize the adaptive MQAM algorithm without considering the 746
SNR-loss λi. Compared to adaptive MQAM taking into consid- 747
eration the SNR-loss, the two curves are close, which indicates 748
that the SNR-loss of the discrete-rate scheme is small enough 749
to be ignored. Our simulation results also indicate that the gaps 750
between our proposed schemes, the continuous-rate discretiza- 751
tion algorithm and the adaptive single-user methods of [15] tend 752
to decrease upon increasing of the average SNRs. Moreover, in- 753
creasing the number Ni of discrete signal constellations yields a 754
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TABLE V
PERFORMANCE COMPARISON OF CONTINUOUS-RATE AND DISCRETE-RATE SCHEMES (QAM)
better match with the continuous-rate adaptation scheme, hence755
resulting in a higher spectral efficiency.756
Let us now conclude by considering both the power-757
allocation and rate-adaptation policy for a specific scenario,758
using the parameters of γi = 1, i = 1, 2, γi ∈ [0, 10], wi = 0.5,759
Pbi = 10
−3
, S = 1, B = 1, Mi = {0, 2, 4, 16} for MQAM760
and Mi = {0, 2, 4, 8} for MPSK. The SNR-loss coefficients λi761
are given by Eq. (22) for MQAM and λi = 1 for MPSK.762
In Table III we summarize the constellation sizes and power763
adaptation policies as functions of γ1 and γ2 for four fad-764
ing regions corresponding to four MQAM/MPSK adaptive765
strategies. Upon solving Eqs. (25) and (27) we arrive at766
the corresponding switching thresholds divisions for MQAM767
as R1 = [0, 1.3, 3.2, 6.0, 10], R2 = [0, 1.3, 3.2, 6.0, 10], which768
are required for practical use. The corresponding maximum769
rate is 0.3207 bps/Hz. Similarly, Table IV characterizes the770
discrete-rate adaption scheme for MPSK under the same condi-771
tions as for MQAM, where we have R1 = [0, 0.5, 1.1, 2.5, 10],772
R2 = [0, 0.5, 1.1, 2.5, 10]. The corresponding maximum rate is773
0.5375 bps/Hz.774
In Table V we tabulate the concrete numerical values of775
spectral efficiency for the Scenarios 1–8 of Fig. 6, which well776
support our conclusions.777
V. CONCLUSION778
In this paper, we developed an asymmetric adaptive trans-779
mission design for DF-TWR, which combines network coding780
with near-instantaneously adaptive modulation that adapts to781
the channel variations. The main emphasis of this design is782
on practical adaptive NCM, therefore our study was focused783
on discrete-rate adaptation schemes. Our simulation results784
demonstrated that the proposed variable-rate, variable-power785
NC-QAM/PSK DF-TWR schemes are capable of obtaining a786
higher spectral efficiency compared to the benchmark scheme787
operating without power adaptation. Finally, we demonstrated788
that the impact of SNR-loss on the achievable spectral effi-789
ciency is sufficiently low to be neglected.790
APPENDIX791
SNR-LOSS IMPOSED BY NC-QAM792
For NC-QAM, the symbol to be transmitted to DN1 and DN2793
will be circularly shifted by an amplitude of 2
√
M2(a
I
i +ja
Q
i )d794
at the relay [8]. When we derive the symbol error rate (SER) 795
of NC-QAM, intuitively, the SER of a circularly shifted Mi- 796
ary QAM constellation is identical to that of the original 797
Mi-ary QAM for the same minimum symbol distance. By 798
recalling Eq. (3), Eq. (5) and that aIi , aQi ∈ Ai, we have d1 = 799
(
√
M2/
√
M1)d and d2 = d. Let us insert d1 and d2 into Eq. 800
(42) and introduce the M1- and M2-dependent coefficient of 801
λi = (1−M−1i /1−M−12 ),M2 > M1: 802
Pi =
4(
√
Mi − 1)√
Mi
Q
(√
|hi|2d2i
N0/2
)
, (42)
where Pi denotes the SER of the relay-DN1 and relay-DN2 803
links. We may thus arrive at the unified SER expressions of 804
NC-QAM, given by 805
Pi =
4(
√
Mi − 1)√
Mi
Q
(√
1.5λiγi
Mi − 1
)
. (43)
According to the above analysis, for M2 > M1, we have 806
λ1 = 1 and λ2 < 1, which implies imposing an SNR loss for 807
the relay-DN1 link that remains constant across the entire SNR 808
range. The reason for this SNR loss at the receiver of DN1 809
can be stated as follows. Since QAM is regarded as a pair of 810
orthogonal signals PAM, we may simply focus our discussions 811
on the I component. Given aI2, the legitimate symbols at the 812
receiver of DN1 have a non-zero mean of 813
d
[
2
√
M2
(
aI2 mod
1√
M1
)
+ 1−
√
M2√
M1
]
. (44)
In contrast to the classic zero-mean
√
M1-ary PAM, the DC 814
bias of such a circularly shifted
√
M1-ary PAM constellation 815
will result in some extra energy consumption, which therefore 816
results in the above-mentioned SNR loss. 817
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Abstract—Network coded modulation (NCM) holds the prom-5
ise of significantly improving the efficiency of two-way wireless6
relaying. In this contribution, we propose near instantaneously7
adaptive variable-rate, variable-power QAM/PSK for NC-aided8
decode-and-forward two-way relaying (DF-TWR) to maximize the9
average throughput. The proposed scheme is optimized subject to10
both average-power and bit-error-ratio (BER) constraints. Based11
on the BER bounds, we investigate a discrete-rate adaptation12
scheme, relying on a pair of solutions proposed for maximizing the13
spectral efficiency of the network. We then derive a closed-form so-14
lution based power adaptation policy for a continuous-rate scheme15
and quantify the signal-to-noise ratio (SNR) loss imposed by16
NC-QAM. Our simulation results demonstrate that the proposed17
discrete adaptive NC-QAM/PSK schemes are capable of attaining18
a higher spectral efficiency than their fixed-power counterparts.19
Index Terms—Network coded modulation, adaptive modula-20
tion, two-way relaying, fading channels, spectral efficiency.21
I. INTRODUCTION22
TWO-WAY relaying (TWR), also known as bi-directional23 relaying, constitutes an appealing technique of improving24
the throughput of the existing wireless network. The landmark25
contribution of Li, Yeung and Cai [1] put forward the linear26
Network Coding (NC) concept for single-source multicast net-27
works for the sake of approaching the max-flow bound of the28
information transmission rate. Inspired by this work, a variety29
of NC methods have been proposed [2]–[9]. To the best of30
our knowledge, [2] was the first contribution that combined31
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NC with the physical layer broadcast capability of the wire- 32
less medium, which is capable of improving the achievable 33
throughput with the aid of the modulo-two based superposition 34
of sequences. From an information theoretic view, Wu [3] and 35
Xie [4] investigated the downlink (DL) capacity of asymmetric 36
Decoded-and-Forward Two-Way Relaying (DF-TWR). More 37
practically, NC was jointly designed with superposition coding 38
in [5], where the authors proposed a cross-layer method for 39
joint interference cancellation and network coding in multi- 40
hop wireless networks, which may substantially improve the 41
capacity regions, whilst reducing the power dissipated at the 42
relay node. Symbol level NC was investigated in [6], which is 43
capable of improving the asymmetric1 relay throughput using 44
hierarchical modulation. The joint design of NC and modula- 45
tion was investigated in [7], which alleviated the asymmetric 46
relaying-induced problems in TWR networks. Based on a set- 47
partitioning algorithm, both NC-QAM/PSK and a NC oriented 48
maximum ratio combining (MRC) technique was conceived for 49
improving both the throughput as well as the achievable spatial 50
diversity gain at a low complexity [8], [9], which circumvented 51
the asymmetric transmission problems of DF-TWR. For the 52
sake of maximizing the data rates of two-way links under 53
certain BER constraints, constant-power, variable-rate adap- 54
tive Network-Coded Modulation (NCM) was proposed in [8]. 55
This motivates our research on how to design variable-power, 56
variable-rate adaptive NCM for TWR, because it is beneficial 57
to consider joint power and rate allocation schemes for time- 58
varying fading channels. 59
Inspired by the above-mentioned solutions, improving the 60
spectral efficiency for transmission over fading channels has 61
gradually become the focus of the related research [10]–[17]. As 62
one of the key techniques that has found its way into both current 63
and future wireless systems, adaptive modulation has received 64
extensive attentions. Hanzo et al. designed diverse near- 65
instantaneously adaptive modulation techniques in [10]–[12]. 66
Based on Shannon capacity and BER bounds, Goldsmith et al. 67
[13]–[15] investigated point-to-point adaptive modulation 68
schemes for flat-fading channels, where both the data rate and 69
the transmit power were near-instantaneously adapted for the 70
sake of maximizing the spectral efficiency, whilst maintaining 71
a constant BER. In [16], constant-power single- and multicar- 72
rier adaptive quadrature amplitude modulation (AQAM) was 73
1The asymmetry here implies that the two-way traffic flows may have
different symbol rates.
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investigated compared to variable-power variable-rate M -ary74
QAM (MQAM) proposed in [15]. Following the similar ap-75
proach of [15], Liu et al. developed a cross-layer design in76
[17], which combines adaptive modulation and coding at the77
physical layer combined with a truncated Automatic Repeat78
reQuest (ARQ) protocol at the data link layer. These adap-79
tive modulation contributions studied single-user transmission,80
relying on a single channel’s quality. This motivates us to81
intrinsically amalgamate adaptive modulation with TWR where82
the downlink streaming from the relay (R) to both destinations83
(D) has to simultaneously adapt to a pair of channel conditions.84
Since the R-D DL of TWR is equivalent to the classic85
broadcast channel (BC) relying on side information, we consult86
the relevant literature on adaptive modulation conceived for87
both broadcast channels and for multicast systems [18]–[22].88
Specifically, the authors of [18] investigated both the achievable89
channel capacity and the power allocation of the downlink90
of time-varying TWR. The resource allocation of multicast91
systems was discussed in [19]–[21], while the adaptive modu-92
lation aided multiple-input, multiple-output (MIMO) downlink93
channel was studied in [22]. To the best of our knowledge,94
there is a paucity of contributions on the joint power and95
rate allocation of near-instantaneously adaptive NCM schemes96
designed for broadcast channels or multicast systems. This is97
because the BC channel has to dispense with power adaptation98
at the transmitter without the knowledge of the users’ channel99
state information (CSI). However, gleaming perfect CSI for100
a large user-population is unrealistic in broadcast channels or101
multicast systems. Therefore, the transmitter usually transmits102
its messages at a fixed power and using fixed modulation103
modes, rather than implementing power adaptation. However,104
in the downlink of TWR, there are only two users. Therefore105
the two user’s accurate CSI can be relatively easily obtained106
at the relay node. Hence we embark on investigating the two107
users’ joint power and rate allocation problem in the context of108
TWR by relying on perfect CSI.109
Therefore we take the challenge of designing joint power110
and rate adaptation aided NCM for the DF-TWR DL relying111
on side information. Compared to the conventional single-user112
adaptive modulation scheme of [15], the main differences can113
be summarized as follows:114
i) Instead of a single channel, the power allocation strategy115
of our proposed scheme has to simultaneously adapt to a116
pair of channel conditions;117
ii) The pair of R-D links are coupled due to the SNR loss118
imposed by NC-QAM, which implies that the user who119
has a lower transmit rate will suffer from an SNR loss [8];120
iii) When we investigate a discrete-rate adaptive scheme, a121
specific transmit power results in two different transmit122
rates, depending on the two links’ CSI. However, the123
power and the two rates cannot be optimally matched.124
Explicitly, when one user achieves its optimal power and125
rate match, it is highly likely that for the other user, the126
power will be higher than the user’s modulation mode127
actually needs at this moment, which implies that there128
is a power-loss. Alternatively at a given power this may129
be viewed as a rate-loss. By contrast, in [15], the power130
and rate allocation is always optimal. In conclusion, the131
Fig. 1. System model of DF-TWR (Three-timeslot TWR).
combination of joint power and rate adaptive modulation 132
aided NCM requires more sophisticated design than that 133
of conventional single-user adaptive modulation. 134
Based on the idea of intrinsically amalgamating NCM and 135
adaptive modulation, we propose near-instantaneously adaptive 136
NC-QAM/PSK for the downlink of DF-TWR, which can be re- 137
garded as a joint optimization with the objective of maximizing 138
the capacity of networks. As the RN simultaneously broadcasts 139
its signals to two receiver nodes, the same transmit power has 140
to adapt to both fading channel conditions. Therefore the key 141
challenge for the scheme is to optimize both the transmit power 142
and the transmit rates for the sake of maximizing the achievable 143
spectral efficiency, while satisfying the average power and 144
BER constraints. To solve this optimization problem, firstly, 145
we proposed a solution for a discrete-rate scheme based on 146
the so-called fading region partitioning method. Secondly, a 147
closed-form solution is derived for the power adaptation policy 148
of a continuous-rate adaptive scheme. Finally, on the basis of 149
this continuous-rate solution, we conceive another discrete-rate 150
scheme by invoking a continuous-rate discretization method. 151
Based on the above arguments it may be concluded that the 152
most significant contribution of this paper is the joint adaptive 153
allocation of power and rate for NCM. The proposed adaptive 154
NC-QAM/PSK scheme conceived for DF-TWR is capable of 155
beneficially improving the achievable spectral efficiency, there- 156
fore holds the promise of rich near-future applications. 157
The rest of this paper is organised as follows. Section II 158
presents our system model, while Section III describes our uni- 159
fied adaptive NCM optimization problem, followed by a pair of 160
discrete-rate solutions proposed for practical scenarios which are 161
applicable to arbitrary constellations. Section IV presents our 162
simulation results for characterizing our adaptive NC-QAM/ 163
PSK, while our concluding remarks are provided in Section V. 164
II. SYSTEM MODEL 165
Consider the DF-TWR network associated with a multi- 166
carrier system, which employs time division duplexing. Fig. 1 167
shows an abridged general view of a three-timeslot bi- 168
directional transmission system, which includes two destination 169
nodes and a relay node. Destination node 1 (DN1) and DN2 170
in the DL also act as source nodes (SN) during the uplink 171
transmission stage. The information exchange between the two 172
DNs can be divided into two distinct stages: the multiple access 173
(MA) stage when the two nodes separately send their data to the 174
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Fig. 2. System model of adaptive NC-QAM/PSK for DF-TWR.
relay, and the broadcast (BC) stage, when the relay broadcasts175
the combined signal to both DN1 and DN2. Each DN has176
a priori knowledge of its own message intended for the other.177
Based on the above-mentioned TWR model, we then con-178
struct the adaptive NC-QAM/PSK system model of Fig. 2,179
where the key part of the scheme is the transmitter design,180
constituted by the NCM design and the adaptive modulation181
design. Since the fixed-mode NCM has already been richly182
studied in [8], we focus our attention on adaptive NCM con-183
ceived for near-instantaneously time-varying fading channels.184
Accordingly, we describe the system model of adaptive NC-185
QAM/PSK.186
Before introducing the system’s structure, we first list the187
assumptions adopted in this paper:188
A1) The channel is a non-dispersive and slowly-varying189
Rayleigh fading channel. When the channel is changing190
faster than it can be estimated and fed back to the trans-191
mitter, adaptive techniques will perform poorly.192
A2) Perfect channel state information (CSI) is available both at193
the relay as well as at DN1 and DN2 using training-based194
channel estimation. The idealized simplifying assumption195
that the feedback path does not introduce any errors and196
has no latency may be approximately satisfied by using a197
low-delay feedback link relying on powerful error control.198
The practical system design relying on delayed or noisy199
CSI [15] is left for our future investigations.200
A3) Linear modulation is used, where the adaptation takes201
place at integer multiples of the symbol rate of Rs = 1/Ts,202
where Ts denotes the symbol duration. It is also assumed203
that the system uses ideal Nyquist criterion, having a band-204
width of B = 1/Ts. We assume having a non-dispersive205
discrete-time downlink channel having stationary ergodic206
time-varying gains of
√
gi[t], i = 1, 2 contaminated by the207
additive white Gaussian noise (AWGN) ni[t], where t208
denotes the time instants.209
We conceive the NCM design according to [8]. In this paper,210
we only focus our attention on the DL of DF-TWR, where the211
messages at the RN are processed and broadcast to DN1 and212
DN2 using NC-QAM/PSK. In the static asymmetric DF-TWR213
DL, the equivalent baseband signals received at the coherent 214
receiver of DN1 and DN2 are represented by 215
Yi = hiX + Zi, i = 1, 2, (1)
where the channel gains are denoted by |hi|2 = gi, with gi 216
representing the power gains. The transmit symbol at the RN is 217
denoted by X , while Zi represent the AWGN at DN1 and DN2. 218
Without loss of generality, we assume that the transmit 219
constellation sizes are denoted by M1, M2, let M2 ≥ M1, 220
M2/M1 = N. The messages w1, w2 to be transmitted from the 221
pair of source nodes will be merged into a single signal (denoted 222
by X) using the modulo-two operation at the relay [8]. For 223
QAM, the messages w1, w2 then will be respectively mapped 224
to symbols from the set of M -ary QAM constellation points, 225
which is formulated as 226
χi=
{
2
√
Mi
(
aIi +ja
Q
i
)
−
(√
Mi−1
)
(1+j) : aIi , a
Q
i ∈ Ai
}
,
(2)
where 227
Ai=
{{
0, 12
}
, if Mi=4{
0, 1√
Mi
, 2√
Mi
, . . . ,
√
Mi−1√
Mi
}
, if Mi>4
, i=1, 2 (3)
where Mi ∈ {4, 16, 64, . . .} for QAM. Given the normalised 228
amplitudes (aI1, a
Q
1 ) and (aI2, a
Q
2 ), the transmitter will generate 229
the NC-QAM symbol as 230
X = d
[
2
√
M2(a
I + jaQ)−
(√
M2 − 1
)
(1 + j)
]
, (4)
where we have d=
√
((3Es)/2(M2−1)−1)),M2>M1, while 231
d denotes half of the symbol-distance in QAM, given an energy 232
of Es per symbol. The normalised amplitudes are given by 233{
aI = aI1 + a
I
2,mod 1
aQ = aQ1 + a
Q
2 , mod 1.
(5)
For NC-PSK, w1, w2 will be mapped to the symbols χ1, χ2 234
chosen from a normalised M -ary PSK (MPSK) constellation, 235
as in χi = {cos θi + j sin θi : θi ∈ Θi}, where we have 236
Θi =
{
0,
2π
Mi
, . . . ,
2 (Mi − 1)π
Mi
}
, i = 1, 2, (6)
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where Mi ∈ {2, 4, 8, 16, . . .} for PSK. Given the phases θ1 and237
θ2, the transmitter generates an NC-PSK symbol given by238
X =
√
Es (cos θ + j sin θ) , (7)
where Es denotes the symbol energy, while the symbol’s phase239
θ is given by240
θ = θ1 + θ2 mod 2π. (8)
We then conceive near-instantaneously adaptive NCM for241
time-varying fading channels where the modulated signals will242
be represented by the signal sequence in the system model of243
Fig. 2. Therefore the previous symbol X will be represented as244
x[t], while Y will be represented by yi[t], i = 1, 2.245
Let us now describe our adaptive transmission scheme seen246
in Fig. 2. We consider discrete-time (t denotes discrete time247
instants) flat fading channels adhering to the assumptions A1)–248
A3), where the transmitter (relay) dynamically adjust both its249
transmit power and transmit rates according to the power gains250
g1[t] and g2[t] signalled to it from the two receivers (DN1 and251
DN2). Let us denote the average transmit power by S, the noise252
density of ni[t] by (N0/2), the channel gain by gi[t] and the253
average channel gain by g. For a constant transmit power S,254
the instantaneous received SNRs are γi[t] = Sgi[t]/(N0iB).255
Upon normalization by S, we can assume that g = 1. Then256
the average received SNRs are γi = S/(N0iB). We denote257
the probability distribution of the received SNR by p(γi) =258
p(γi[t] = γi). In this paper, the fading distributions p(γi) are259
assumed to be either lognormal or exponential (Rayleigh fad-260
ing). When the context is unambiguous, we will omit the time261
reference t related to ni, gi, γi and γi.262
The above-mentioned two designs constitute the fundamen-263
tal framework of our adaptive NC-QAM/PSK scheme. Specifi-264
cally, the assumption of A2) signifies that the feedback channel265
is error free and has no latency, which could be at least266
approximately satisfied by using a fast feedback link with267
powerful error control for feedback information. The feedback268
path delays are not shown in Fig. 2.269
III. ADAPTIVE NETWORK CODED M -ARY MODULATION270
In Section II we discussed the general system model of adap-271
tive NC-QAM/PSK. In this section we will describe the specific272
form of adaptive NC-QAM/PSK aided DF-TWR, where both273
the rate and the transmit power of M -ary QAM/PSK are varied274
near-instantaneously for the sake of maximizing the spectral ef-275
ficiency, while meeting the BER targets. We study this specific276
form of adaptive NCM in the context of the downlink of DF-277
TWR. Therefore, the main emphasis of this paper is on practical278
adaptive modulation and on its spectral efficiency normalized279
to the theoretical maximum. The remainder of this section280
is organized as follows. In Subsection A, we describe the281
optimization problem of our variable-rate, variable-power NC-282
QAM/PSK scheme. The spectral efficiency of our discrete-rate,283
continuous-power scheme is discussed in Subsection B. We284
then investigate the continuous-rate, continuous-power adaptive285
scheme in Subsection C. Finally, we propose a continuous-286
rate discretization method in Subsection D. Before analyzing287
our adaptive schemes, we would like to first list some of the 288
notations used. 289
• Mi(γi): denotes the constellation sizes that are used in 290
the continuous-rate scheme (Section III-C), with their 291
domains being Mi(γi) ≥ 1. 292
• M1,η , M2,δ: denotes the constellation sizes that are used in 293
discrete-rate schemes (Section III-B and D), which implies 294
that receiver 1 (or 2) adopt the transmission modes η (or 295
δ). Usually their values are discrete and are larger than 2. 296
• k(γi): denotes the continuous transmit rates. 297
• k1,η , k2,δ: denotes the discrete transmit rates. 298
• λi. denotes the SNR-loss imposed by NC-QAM. We in- 299
cluded the derivation of SNR-loss in the Appendix. 300
• S(γ1, γ2): denotes the continuous instantaneous transmit 301
power, which is related to instantaneous SNR γ1 and γ2. 302
• Sηδ(γ1, γ2): denotes the discrete instantaneous transmit 303
power, which corresponds to the transmission modes η 304
and δ. 305
• ωi: denotes the weighting coefficients of the relay-DN1 306
link and relay-DN2 link, respectively. 307
A. Unified Problem Formulation for Adaptive NC-QAM/PSK 308
Again, the emphasis of this contribution is on the transmitter 309
design relying on the CSI knowledge, therefore it is necessary 310
to derive the basic formulas required for the transmitter’s de- 311
sign. Based on these formulas we unify the basic optimization 312
problem for adaptive NC-QAM/PSK, which will be discussed 313
in Subsections B, C and D. 314
1) The Achievable Rate for the Downlink of the TWR: 315
According to Section II, when the time reference t can be 316
omitted, without any ambiguity we may rewrite the expression 317
of the corresponding parameters as γi, i = 1, 2, γi and p(γi), 318
which will be used in deriving the system’s capacity. The 319
capacity of fading channels for DF-TWR is limited by both the 320
transmit power and bandwidth available. Let S(γ1, γ2) denote 321
the transmit power relative to the instantaneous SNR γ1 and γ2, 322
subject to the average power constraint of 323
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯, (9)
where p(γ1) is independent of p(γ2). When considering a 324
Rayleigh fading channel for example, we have 325
p(γi) =
1
γi
e−γi/γi , i = 1, 2, (10)
where γi = STs/N0 = Es/N0 denotes the average SNR per 326
symbol, Ts = 1/B. 327
The BER performance of NC-QAM/PSK matches well with 328
the theoretical BER expressions provided in [8], [23]. How- 329
ever, the theoretical BER expressions contain the Q-function 330
[24], which is hard to invert. In our proposed adaptive NC- 331
QAM/PSK scheme, we use Error Probability Bounds (EPBs) 332
([23, Chapter 9]) instead of the theoretical BER expressions 333
([23, Table 6.1]). Particularly, NC-QAM exhibits a modest SNR 334
loss, when the selected constellation sizes of the DN1 and 335
DN2 are different [8]. Therefore the concept of the SNR-loss 336
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coefficients λ1, λ2 will be introduced into our BER expressions.337
However, there is no SNR-loss for NC-PSK [8]. To unify these338
expressions, we introduce the same coefficients, but let λ1 =339
λ2 = 1 for NC-PSK.340
The unified approximation BER bound has been provided in341
[23, Chapter 9.4]. If we consider the above-mentioned SNR-342
loss and write the BER bound [23] in a pairwise form, then we343
arrive at:344 ⎧⎪⎪⎨
⎪⎪⎩
Pb1(γ1) ≤ c1 exp
[
−c2λ1γ1 S(γ1,γ2)S¯
2c3k(γ1)−c4
]
Pb2(γ2) ≤ c1 exp
[
−c2λ2γ2 S(γ1,γ2)S¯
2c3k(γ2)−c4
]
,
(11)
where c1, c2 and c3 are fixed positive constants, while c4 is a345
real constant. The received SNRs now become γiS(γ1, γ2)/S¯,346
i = 1, 2. The transmit rates k(γ1), k(γ2) hence become347
k(γi) =
log2Mi(γi)
c3
, i = 1, 2, (12)
whereMi(γi) represents the constellation sizes, while the SNR-348
loss coefficients λ1 and λ2 are349
λi =
⎧⎪⎪⎨
⎪⎪⎩
1−M−1
i
(γi)
1−M−11 (γ1)
, if M1(γ1) ≥ M2(γ2) ≥ 1, i = 1, 2
1−M−1
i
(γi)
1−M−12 (γ2)
, if M2(γ2) ≥ M1(γ1) ≥ 1, i = 1, 2
1, NC − PSKscheme.
(13)
The SNR-loss coefficients are obtained according to Paragraph 1,350
Line 10 of the Appendix, where for the sake of streamlining351
the related formula, we let λ1 = λ2 = 1 for NC-PSK. Of352
particular note is that in Eq. (13), the values of the constellation353
sizes M1(γ1) and M2(γ2) are continuous, with their domains354
being [1,∞).355
From Eq. (13) we see that when the MQAM constellation356
sizes M1(γ1) and M2(γ2) are fixed and different, an SNR loss357
is imposed at the destination node having a lower-order constel-358
lation size. Fortunately, the SNR loss decreases upon increasing359
the receiver-side SNR, which means that higher-order modula-360
tions can be used. We will carry out the related analysis accord-361
ing to the different scenarios in the subsequent subsections.362
Throughout this paper, the BER bounds of MQAM are given363
by ([23, Eqs. (9.6) and (9.7)]), where we have c1 = 2 or 0.2,364
c2=1.5, c3=1 and c4=1. The SNR-loss coefficients λi, i=1, 2365
are given by Eq. (13). By contrast, the BER bound of MPSK366
is given by ([23, Eq. (9.49)]), with c1=0.05, c2=6, c3=1.9,367
c4 = 1. Specifically, we have λi=1, i=1, 2 for MPSK.368
To facilitate our forthcoming discussions and calculations,369
Eq. (11) may be reformulated as370
Mi(γi) ≤ c4 +KiλiγiS(γ1, γ2)
S¯
, i = 1, 2, (14)
where371
Ki = − c2
ln (Pbi/c1)
. (15)
These BER bounds may be expected to closely approximate372
the accurate BER expressions and may also be readily inverted.373
Therefore we can obtain Mi(γi) or k(γi) as a function of Pbi374
and S(γ1, γ2).375
2) Variable-Rate, Variable-Power NC-QAM/PSK: Let us 376
now discuss the capacity of variable-rate, variable-power NC- 377
QAM/PSK for the downlink of DF-TWR. As seen in Fig. 2, 378
in a fading channel where the relay broadcasts its signals to 379
both DN1 and DN2, the receiver side SNR γ1, γ2 fluctuates 380
as a function of time. We adjust S(γ1, γ2) according to γ1, γ2, 381
under the average power constraint of S¯. 382
Our optimization problem is then formulated as that of 383
maximizing the spectral efficiency of adaptive NCM. Let 384
R[γ1, γ2, S(γ1, γ2)] denote the available rate as a function of 385
γ1, γ2 and S(γ1, γ2), which is expressed as 386
R [γ1, γ2, S(γ1, γ2)] =
2∑
i=1
ωi
c3
log2Mi(γi), i = 1, 2, (16)
where Mi(γi) is given by Eq. (14), ω1 denotes the significance 387
of the DN1 channel, while that of the DN2 channel is ω2. 388
Naturally, we have ω1 + ω2 = 1 and 0 ≤ ωi ≤ 1, i = 1, 2. 389
The achievable spectral efficiency is obtained by integrating 390
the rate function over the fading region D. We then unify the 391
optimization problem as follows: 392
maximize R
B
=
∫ ∫
D
R[γ1,γ2, S(γ1, γ2)]p(γ1)p(γ2)dγ1dγ2
subject to
∫ ∫
D
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯
S(γ1, γ2) ≥ 0
D = R2, (17)
where S¯, S(γ1, γ2), γi, B, p(γi) were defined as that of our 393
system model. 394
Since the logarithmic functions in Eq. (16) are concave 395
and so is their sum, Eq. (17) constitutes a convex optimiza- 396
tion problem. We form the Lagrangian by exploiting the 397
Karush–Kuhn–Tucker (KKT) condition similarly to the ap- 398
proach of [18], where υ∗ and μ∗ are Lagrange multipliers. In 399
particular, for the discrete-rate scheme, the integration area D 400
is divided into sub-areas denoted by Dη,δ , which are used as 401
our optimization variables. 402
We are now in the position to conceive two different 403
adaptive schemes, namely a discrete-rate, continuous-power 404
NC-QAM/PSK and a continuous-rate, continuous-power NC- 405
QAM/PSK arrangement. For the former optimization problem, 406
not only the transmit power adaptation policy, but also the 407
fading region division requires further discussions. For the 408
latter scheme, we just have to find the optimal power adaptation 409
policy that maximizes the achievable spectral efficiency, which 410
is formulated as Eq. (18), shown at the bottom of the next page. 411
Eq. (17) presents a general formulation of the adaptive NC- 412
QAM/PSK optimization problem. In the following subsections, 413
both the discrete-rate, continuous-power and the continuous- 414
rate, continuous-power adaptive schemes will be investigated 415
in detail. 416
B. Discrete-Rate Adaptive M -ary QAM/PSK 417
According to the optimization problem formulated in the 418
previous subsection, we conceive a practical solution for adap- 419
tive NC-QAM/PSK, which is referred to as our discrete- 420
rate, continuous-power DF-TWR scheme. Explicitly, in the 421
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traditional single-user continuous-rate adaptation scheme we422
have to find the optimal cutoff fade depth parameter υ∗[15],423
whilst in the proposed discrete-rate schemes, our goal is that424
of finding the joint optimal power and rate for the pair of425
independent fading distributions of the relay-DN1 and relay-426
DN2 links. This issue will be discussed first, followed by427
a solution for our discrete variable-rate, variable-power NC-428
QAM/PSK scheme.429
Similarly to our previous system model, the BER bounds of430
Eq. (11) and its rearranged form in Eq. (14) constitute the basis431
of our discussions. In the joint-optimization scheme destined432
for the receivers DN1 and DN2, the transmit rates are denoted433
by k1,η and k2,δ , which directly depend on the constellation434
sizes M1,η and M2,δ as follows:435 {
k1,η =
log2 M1,η
c3
k2,δ =
log2 M2,δ
c3
.
(19)
For each receiver side at DN1 and DN2, we adopt the single-436
user partitioning method of [15]. Specifically, we consider the437
discrete sets of MQAM/MPSK transmission modes M1=438
{M1,0, . . . ,M1,N1−1}, M2={M2,0, . . . ,M2,N2−1}, with439
M1,0=0 and M2,0=0 implying no transmission. The receiver-440
side SNR distributions are then divided into N1 and N2 fading-441
magnitude regions denoted by R1,n1 =[γ1,n1−1, γ1,n1), n1=442
0, . . . , N1−1, R2,n2 =[γ2,n2−1, γ2,n2), n2=0, . . . , N2−1,443
where γi,−1=0, γi,Ni−1=∞, i=1, 2. We then activate the pair444
of fixed constellation sizes of M1,n1 , M2,n2 , when the receiver445
side SNRs obey γ1∈R1,n1 , γ2∈R2,n2 .446
According to the above fading-magnitude partitioning method447
and to the basic optimization problem of Eq. (17), we have now448
formulated our basic discrete-rate scheme for DF-TWR. The449
associated power control policy conceived for joint-optimization450
should now be discussed further. Let Sηδ(γ1, γ2), η∈{0, 1, . . . ,451
N1−1}, δ∈{0, 1, . . . , N2−1} denote the relay’s transmit452
power for γ1∈R1,n1 , γ2∈R2,n2 . From Eq. (14) we arrive at:453 {
Sηδ(γ1,γ2)
S¯
≥ M1,η−c4λ1K1γ1
Sηδ(γ1,γ2)
S¯
≥ M2,δ−c4λ2K2γ2 ,
(20)
where γ1, γ2, c4, K1, K2, λ1, and λ2 are derived as part of454
previous subsection. For MQAM, λ1, λ2 are given by Eq. (13),455
whereas for MPSK, we have λ1 = λ2 = 1.456
The most important difference between our discrete-rate and457
continuous-rate schemes is that in the discrete-rate scheme, the458
inequalities in Eq. (20) cannot assume equality at the same459
time. Since the rates only have discrete values, therefore a460
fixed Sηδ(γ1, γ2) cannot satisfy both equations simultaneously,461
except when γ1 = γ2, which is practically impossible in time-462
varying fading channels. Similarly to the single-user variable- 463
rate, variable-power MQAM scheme discussed in [15], our 464
proposed discrete-rate scheme cannot achieve the optimal per- 465
formance of the continuous-rate adaptive scheme to be studied 466
in Subsection C, hence there is an inevitable power-loss or 467
rate-loss. Let us now continue by making some reasonable 468
adjustments to our power control policy. Let 469
Sηδ(γ1, γ2)
S¯
= max
{
M1,η − c4
λ1K1γ1
,
M2,δ − c4
λ2K2γ2
, 0
}
, (21)
where we have 470⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λ1 = 1, λ2 =
1−M−1
2,δ
1−M−11,η
, if M1,η ≥ M2,δ ≥ 2
λ1 =
1−M−11,η
1−M−1
2,δ
, λ2 = 1, if M2,δ ≥ M1,η ≥ 2
λ1 = 1, λ2 = 1, NC − PSKscheme.
(22)
Of particular note is that in Eq. (22), the constellation sizes are 471
discrete, with their domains being {2, 4, 8, 16, . . .}. Consider- 472
ing QAM for example, the constellation size is generally larger 473
than 2 (corresponding to PAM). 474
According to Eq. (17), the optimization problem can be 475
distilled down to maximizing 476
R
B
=
N1−1∑
η=0
N2−1∑
δ=0
(ω1λ1k1,η+ω2λ2k2,δ)
∫ ∫
Dη,δ
p(γ1)p(γ2)dγ1dγ2
(23)
subject to 477⎧⎪⎪⎨
⎪⎪⎩
∑N1−1
η=0
∑N2−1
δ=0
∫ ∫
Dη,δ
Sηδ(γ1,γ2)
S
p(γ1)p(γ2)dγ1dγ2=1
Dη,δ
⋂
Dη′,δ′ =φ⋃
η
⋃
δ Dη,δ=R
2,
(24)
where Dη,δ and Dη′,δ′ denote the different regions correspond- 478
ing to the different transmit rates of k1,η , k2,δ and k1,η′ , k2,δ′ . 479
To find the optimal fading-magnitude divisions for each des- 480
tination node, we may also formulate the Lagrangian with the 481
aid of the KKT conditions. However, the shape of Dη,δ obeys 482
arbitrary quadrilaterals, therefore the discrete-rate optimization 483
problem becomes excessively complex to be solved with the 484
aid of general optimization methods. Inspired by the basic 485
set-partition algorithm of [15], without changing the nature 486
of the problem, we make some adjustments for our problem 487
by restricting the fading-magnitude regions into rectangular 488
areas (Fig. 3 shows the schematic of this version). In each 489
rectangular area, we use the constellation sizes M1,η, η ∈ N for 490
DN1 and M1,δ, δ ∈ N for DN2, which determine the attainable 491
transmission rates. 492
J [υ∗, D, γ1, γ2, S(γ1, γ2)] =
∫ ∫
D
R [γ1, γ2, S(γ1, γ2)] dγ1dγ2 + υ
∗
⎛
⎝S¯ − ∫ ∫
D
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2
⎞
⎠
+
∫ ∫
D
μ∗S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 (18)
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Fig. 3. Schematic of rectangular areas.
According to our adjusted method, the optimization problem493
can be simplified to that of maximizing494
R
B
=
N1−1∑
η=0
N2−1∑
δ=0
(ω1k1,η+ω2k2,δ)
γ1,η∫
γ1,η−1
p(γ1)dγ1
γ2,δ∫
γ2,δ−1
p(γ2)dγ2
(25)
subject to495 ⎧⎪⎪⎨
⎪⎪⎩
∑N1−1
η=0
∑N2−1
δ=0
γ1,η∫
γ1,η−1
γ2,δ∫
γ2,δ−1
Sηδ(γ1,γ2)
S¯
p(γ1)p(γ2)dγ1dγ2=1
0 < γ1,0 < . . . < γ1,η−1 < γ1,η < . . . < γ1,N1−1
0 < γ2,0 < . . . < γ2,δ−1 < γ2,δ < . . . < γ2,N2−1, (26)
where γ1,η and γ1,j denote the rectangular fading region bound-496
aries, and again, k1,η , k2,δ , p(γ1), p(γ2), ω1 and ω2 are derived497
previously.498
The corresponding power adaptation policy is the same as499
that of Eq. (21). Upon substituting Eq. (21) into Eq. (26), we500
may rewrite the power constraint as Eq. (27), shown at the501
bottom of the page. An intuitive interpretation of Eq. (27) is as502
follows. Throughout the entire fading-magnitude region, given503
γ1, γ2 and Sηδ(γ1, γ2), the discrete transmit rates destined for504
DN1 and DN2 cannot reach their optimal match with the same505
power at the same time. However, in the context of joint opti-506
mization, Eq. (21) facilitates that at least one of the equalities507
is satisfied in Eq. (20), which implies that if one of the user’s508
rate and power achieves the optimal match,2 the other user will509
have a rate determined by the maximum constellation size it can510
reach. In other words, it is highly likely that for the other DL511
user, the power will be higher than that required by the user’s512
2Here, the optimal match implies that the transmit power is the one which
happens to be the power that a specific modulation mode requires.
modulation mode at this moment. Intuitively, according to our 513
proposed power allocation policy, the optimization target is that 514
of maximizing the pair of users’ weighted sum rate. Therefore, 515
the index of the particular user that reaches its optimal match 516
with the available power depends mainly on its weight coeffi- 517
cient and instantaneous SNR. In other words, the identifier of 518
the specific user that reaches its optimal power and rate match 519
is ultimately determined by its contribution to the sum rate. 520
Based on the above discussions, we may obtain the optimal 521
region partitionsR1,η=[γ1,η−1,γ1,η), η=0, . . . ,N1−1 andR2,δ= 522
[γ2,δ−1, γ2,δ), δ=0, . . . , N2−1, which are jointly determined by 523
the average power constraint and the fading distributions. There 524
is no closed-form solution to this kind of problem [15]. How- 525
ever, similarly to the approach of [15], we conceive a numerical 526
search algorithm with low complexity for finding the optimal 527
boundaries3 R1,η and R2,δ. This may require a large amount of 528
calculations. However, once the optimal boundaries have been 529
found, they can be used without real-time calculations. 530
C. Continuous-Rate Adaptive M -ary NC-QAM/PSK 531
According to the optimization problem formulated in Sub- 532
section A, our continuous-rate adaptive NC-QAM and the 533
concept of generalized adaptive NCM will be investigated in 534
this subsection. In contrast to the information theoretic dis- 535
cussion of [18], the proposed continuous-rate adaptive NCM 536
schemes are based on BER bounds. More particularly, the SNR- 537
loss imposed by adaptive NC-QAM will be discussed in the 538
context of the associated BER expressions. For PSK and other 539
M -ary modulations, which obey the BER-bound of (11), a uni- 540
fied solution is presented, which relies on channel prediction. 541
1) Continuous-Rate Adaptation for NC-QAM: As discussed 542
in Subsection A, a tight BER bound is given by Eq. (11). For 543
NC-QAM, the maximum constellation size capable of meeting 544
the target Pbi is given by Eq. (14). Let c1=0.2, c2=1.5, c3=1 545
and c4 = 1 when Mi ≥ 4 and 0 ≤ γi ≤ 30 dB [23]. For our 546
continuous-rate scheme, the pair of inequalities in Eq. (14) are 547
capable of simultaneously meeting the equality conditions. We 548
then have 549{
M1(γ1) = 1 +K1λ1γ1
S(γ1,γ2)
S¯
M2(γ2) = 1 +K2λ2γ2
S(γ1,γ2)
S¯
,
(28)
where Ki = −1.5/ ln(5Pbi), i = 1, 2. 550
According to Eq. (16), the rate function of jointly-optimal 551
NC-QAM may be formulated as 552
R [γi, S(γ1, γ2)]=
2∑
i=1
ωi log2
(
1+Kiλiγi
S(γ1, γ2)
S¯
)
, i=1, 2.
(29)
3The optimal boundaries are the optimal channel state thresholds correspond-
ing to the different modulation modes.
N1−1∑
η=0
N2−1∑
δ=0
γ1,η∫
γ1,η−1
γ2,δ∫
γ2,δ−1
max
{
M1,η − c4
λ1K1γ1
,
M2,δ − c4
λ2K2γ2
, 0
}
p(γ1)p(γ2)dγ1dγ2 = 1 (27)
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Again, the SNR-loss imposed by NC-QAM was quantified in553
terms of a so-called ‘SNR-loss coefficient λ’ in [8], which will554
now be considered in the context of Eq. (13). Specifically, we555
found that for the larger constellation size of the two, there is556
no SNR-loss according to [8]. In other words, the SNR loss557
only exists for the specific destination node, which has the558
smaller constellation size. Furthermore, the SNR-loss decreases559
upon increasing the receiver-side SNR. Based on the above560
discussions, we treat the coefficients λ1 and λ2 as a pair of561
inequality constrains.562
For fading channels, we substitute Eq. (29) into Eq. (17) and563
then reformulate the optimization problem by maximizing564
R
B
=
∞∫
0
∞∫
0
2∑
i=1
ωi log2
(
1+Kiλiγi
S(γ1,γ2)
S
)
p(γ1)p(γ2)dγ1dγ2
(30)
subject to565 ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2 = S¯
S(γ1, γ2) ≥ 0
λ1
(
1− 1
(1+K2γ2λ2S(γ1,γ2/S)
)
≤1− 1
(1+K1γ1λ1S(γ1,γ2)/S)
λ2
(
1− 1
(1+K1γ1λ1S(γ1,γ2)/S)
)
≤1− 1
(1+K2γ2λ2S(γ1,γ2)/S)
λ1 ≤ 1
λ2 ≤ 1,
(31)
566
λi = min
(
1,
1−Mi(γi)−1
1−M3−i(γ3−i)−1
)
, i = 1, 2, (32)
where ω1, ω2, S¯, S(γ1, γ2), γi, γi, p(γi) and Pbi are defined as567
in the previous subsection.568
Upon substituting Eq. (32) into Eq. (30), we arrive at a569
challenging problem, which is difficult to solve using general570
mathematical tools. When considering the SNR-loss coeffi-571
cients, we will simplify our discussions by setting an upper572
bound and a lower bound for λi.573
The upper bound readily emerges by letting λ1 = λ2 = 1,574
which means that there is no SNR-loss. As to the lower bound,575
we first set λ1 = λ2 = λ∗, which results in:576 {
M1(γ1) = 1 +K1λ
∗γ1
S(γ1,γ2)
S¯
M2(γ2) = 1 +K2λ
∗γ2
S(γ1,γ2)
S¯
.
(33)
We now have to discuss different cases for Eq. (33). If we577
consider K1γ1 ≥ K2γ2 first, then we have M1(γ1) ≥ M2(γ2).578
According to Eq. (13), the SNR-loss coefficients λ∗ now579
becomes580
λ∗ =
1−
(
1 +K2λ
∗γ2
S(γ1,γ2)
S¯
)−1
1−
(
1 +K1λ∗γ1
S(γ1,γ2)
S¯
)−1
> 1−
(
1 +K2λ
∗γ2
S(γ1, γ2)
S¯
)−1
. (34)
Since the constellation size of MQAM is larger than 2, we then 581
set the lower bound by letting M1(γ1) ≥ M2(γ2) ≥ 2, which 582
implies that we may have 583
λ∗ > 1−
(
1 +K2λ
∗γ2
S(γ1, γ2)
S¯
)−1
=
1
2
. (35)
For the scenario of K1γ1 ≤ K2γ2, we may get result similar 584
to Eq. (35). Since the SNR-loss decreases upon increasing the 585
constellation size, it is reasonable to set a lower bound by letting 586
λ∗ = 0.5. Hence we have found both a lower and an upper 587
bound for the SNR-loss coefficients. 588
Let us now discuss the corresponding solutions for adaptive 589
NC-QAM. Let us commence by considering the simple case 590
of λ1 = λ2 = 1, for the target BER functions associated with 591
K1 = K2 = K and the weight factors of ω1 = ω2 = 0.5. To 592
find the optimal power allocation S(γ1, γ2), we substitute λ1 = 593
λ2 = 1, as well as K1 = K2 = K into Eq. (30) and Eq. (31). 594
Then we may rewrite Eq. (18) as 595
J [S(γ1, γ2)]
=
∞∫
0
∞∫
0
2∑
i=1
ωi log2
(
1+Kγi
S(γ1, γ2)
S¯
)
p(γ1)p(γ2)dγ1dγ2
+ υ∗
⎛
⎝S¯ −
∞∫
0
∞∫
0
S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2
⎞
⎠
+
∞∫
0
∞∫
0
μ∗S(γ1, γ2)p(γ1)p(γ2)dγ1dγ2. (36)
Upon differentiating the Lagrangian and setting the resultant 596
derivative to zero, we arrive at: 597
∂J [S(γ1, γ2)]
∂S(γ1, γ2)
= 0,
∂J(υ∗)
∂υ∗
= 0, (37)
yielding: 598⎧⎪⎪⎪⎨
⎪⎪⎪⎩
[∑2
i=1 ωi
(
1/ ln 2
1+Kγi
S(γ1,γ2)
S¯
)
Kγi
S¯
−υ∗+μ∗
]
p(γ1)p(γ2) = 0
μ∗S(γ1, γ2) = 0
S(γ1, γ2) ≥ 0
μ∗ ≥ 0.
(38)
Solving Eq. (38) for S(γ1, γ2) under the relevant power 599
constraint yields the complementary slack condition υ∗ (see 600
bottom of the next page)4 and the power adaptation policy that 601
maximizes Eq. (30), as seen in Eq. (39), shown at the bottom 602
of the next page. Upon substituting the channel estimates and 603
the power adaptation policy of Eq. (39) back into Eq. (30), 604
we arrive at the jointly-optimized cutoff fade depth υ∗, below 605
which the transmissions are disabled. Then the maximum spec- 606
tral efficiency can be achieved for the parameters γ1, γ2, p(γ1), 607
4Firstly, when μ∗ > 0, S(γ1, γ2) = 0, we have (ω1Kγ1/S ln 2) +
(ω2Kγ2/S ln 2)− υ∗ + μ∗ = 0 ⇒ υ∗ > (ω1Kγ1 + ω2Kγ2/S ln 2).
Secondly, when μ∗ = 0, S(γ1, γ2) > 0, we have υ∗ = (ω1Kγ1/S ln 2(1 +
Kγ1(S(γ1, γ2)/S))) + (ω2Kγ2/S ln 2(1 +Kγ2(S(γ1, γ2)/S))) <
(ω1Kγ1 + ω2Kγ2/S ln 2). Finally, the critical value is classified into the
first case. So we get the complementary slack condition υ∗.
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p(γ2), ω1, ω2, Pb1 and Pb2 . For the lower bound of λi = 0.5,608
we may arrive at a similar expression.609
What has been discussed above is a special case of MQAM,610
where the BER requirements at both DN1 and DN2 are the611
same and the SNR loss coefficients are λi = 1. In the following612
subsection we will extend our variable-rate, variable-power613
adaptation scheme to more general schemes, such as NC-PSK,614
where there is no SNR loss.615
2) Continuous-Rate Adaptation for General M -ary Mod-616
ulation: The variable-rate and variable-power techniques617
discussed above for MQAM can be applied to other M -ary618
modulations. For any modulation scheme having a BER expres-619
sion similar to Eq. (11), the basic premises are the same. Both620
the transmit power and the constellation sizes are adapted for621
maintaining both target BERs of the DN1 and DN2, while max-622
imizing the overall rates. Given the parameters of S¯, S(γ1, γ2),623
γi, γi, p(γi) and Pbi in our system model, there is no SNR-loss624
in the BER expression of NC-PSK, therefore we let λ1 = λ2 =625
1 for our adaptive NC-PSK scheme. Without loss of generality,626
the BER requirements of NC-PSK can be different, given K1627
and K2 in Eq. (15). Using the same method as in the previous628
subsection, we arrive at the following more general power629
adaptation policy see Eq. (40), shown at the bottom of the page.630
When considering MPSK relying on the BER bound of631
Eq. (9.49) in [23] for example, by substituting c1 = 0.05, c2 =632
6, c3 = 1.9, c4 = 1, γi, γi, p(γi) and Pbi into Eq. (15), we may633
find the best cutoff fade depth υ∗, which hence allows us to634
calculate the maximum achievable spectral efficiency for the635
conditions considered.636
D. Continuous-Rate Discretization for Adaptive637
M -ary QAM/PSK638
Based on our discussions of the continuous-rate adaptation639
scheme of Subsection C, in this subsection, we proposed an-640
other discrete-rate transmission scheme, which we refer to as641
the Continuous-Rate Discretization Algorithm of NC-QAM/642
PSK. In our following discussions we consider the SNR loss 643
upper bound of λ1 = λ2 = 1 for MQAM. 644
We assume that the parameters of our continuous-rate scheme 645
have already been calculated. The divisions of the fading- 646
magnitude regions are the same as in Subsection B. The discrete 647
sets of MQAM/MPSK transmission modes are M1={M1,0, 648
. . . ,M1,N1−1}, M2={M2,0, . . . ,M2,N2−1}, with M1,0 = 0 649
and M2,0=0 implying no transmission. Let M ′1,η and M ′2,δ 650
denote the new rates corresponding to the continuous rates of 651
M1 and M2, when they falls into specific fading-partitions. 652
According to Eq. (17), the target problem now becomes that 653
of calculating Eq. (41), shown at the bottom of the page, where 654
M ′1,η and M ′2,δ are obtained with the aid of Algorithm 1. Again, 655
ω1, ω2, γ1, γ2, p(γ1), p(γ2), Pb1 , Pb2 and S are all the same, as 656
in the previous subsections. 657
Algorithm 1 Continuous Rate Discretization Algorithm 658
Step 1) Calculate the corresponding parameters M1, M2, 659
S(γ1, γ2) and υ∗ for given γ1, γ2 values in the 660
context of our continuous-rate adaptive scheme. 661
Step 2) Round M1, M2 down to the nearest integer con- 662
stellation sizes of M ′1,η ∈ M1,M ′2,δ ∈ M2 with 663
S(γ1, γ2) remaining unchanged. 664
Step 3) Substitute M ′1,η , M ′2,δ into Eq. (41) and recalculate 665
the spectral efficiency. 666
It is important to note that when we round the continuous- 667
valued M1, M2 down to the nearest integers, the transmit power 668
S(γ1, γ2) remains unchanged. Additionally, letting λ1 = λ2 = 669
1 for MQAM implies that we ignore the SNR loss, which is in- 670
deed small enough to be neglected. Although this arrangement 671
is not as beneficial as the scheme of Subsection B, the proposed 672
design provides another feasible technique of realizing adaptive 673
NC-QAM/PSK. 674
S(γ1, γ2)
S¯
=
⎧⎨
⎩
1
2
√(
1
Kγ1
+ 1Kγ2 − 1υ∗S¯ ln 2
)2
− 4υ∗K2γ1γ2
(
υ∗− ω1Kγ1+ω2Kγ2
S¯ ln 2
)
+ 1
2υ∗S¯ ln 2− 12Kγ1 − 12Kγ2 , υ∗<
ω1Kγ1+ω2Kγ2
S¯ ln 2
0, υ∗≥ ω1Kγ1+ω2Kγ2
S¯ ln 2
(39)
S(γ1, γ2)
S¯
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1
2
√(
c4
K1γ1
+ c4K2γ2 − 1υ∗c3S¯ ln 2
)2
− 4υ∗K1K2γ1γ2
(
υ∗c24− ω1c4K1γ1+ω2c4K2γ2c3S¯ ln 2
)
+ 1
2υ∗c3S¯ ln 2
− c42K1γ1 − c42K2γ2 ,
υ∗ < ω1K1γ1+ω2K2γ2
c3c4S¯ ln 2
0, υ∗ ≥ ω1K1γ1+ω2K2γ2
c3c4S¯ ln 2
(40)
R
B
=
∞∫
0
∞∫
0
N1−1∑
η=1
N2−1∑
δ=1
[
ω1
c3
log2
(
M ′1,η
)
+
ω2
c3
log2
(
M ′2,δ
)]
p(γ1)p(γ2)dγ1dγ2 (41)
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TABLE I
SCENARIOS AND UNIFIED PARAMETERS FOR QAM
TABLE II
SCENARIOS AND UNIFIED PARAMETERS FOR PSK
IV. PERFORMANCE RESULTS675
A basic fixed-rate of NC-QAM/PSK was proposed in [8],676
[9], which provides the basis of our adaptive transmission677
scheme. In this section, a range of representative numerical678
results are presented for validating our theoretical analysis. Our679
emphasis is on the spectral efficiency of variable-rate, variable-680
power NC-QAM/PSK. Furthermore, both the continuous-rate681
and discrete-rate adaptive NC-QAM/PSK schemes are com-682
pared to their respective benchmark schemes for demonstrating683
its potential. Specifically, we invoke the single-user adaptive684
MQAM/MPSK scheme of [15], [23] and the Shannon capacity685
based joint-optimization schemes [14], [18] as our benchmarks,686
which are described as Scenario 1–8 in Tables I and II.687
The following assumptions will be exploited throughout our688
simulations. Let us focus our attention on Rayleigh fading689
channels, where the fading distributions are given by Eq. (10).690
The near-instantaneous SNR fluctuations are limited to a dy-691
namic range, which was set to be 10 times the average SNR.692
The SNR-loss coefficient upper bounds of NC-QAM are set to693
λ1 = λ2 = 1 (Scenario 6), while the lower bounds are set to694
λ1 = λ2 = 0.5 (Scenario 7). For continuous-rate adaptive NC-695
QAM/PSK schemes, all the other parameters of Scenarios 1–8696
are depicted in Tables I and II.697
Figs. 4 and 5 also include the benchmarks of [14] (versus698
Scenarios 4 and 8), [15] (versus Scenarios 2 and 5), [18] (versus699
Scenario 3), as well as Eqs. (39) and (40) (versus Scenarios700
6 or 7) derived for our MQAM/MPSK scheme as a function701
of the average received SNR for transmission over Rayleigh702
fading channels. The capacity of an AWGN channel (versus703
Scenario 1) is also shown as comparison for the same average704
power. Several observations are worth discussing. Firstly, our705
adaptive NC-QAM/PSK is capable of approaching both the706
Fig. 4. Comparison of Scenarios 1–8 in terms of their spectral efficiency
(QAM).
Fig. 5. Comparison of Scenarios 1–7 in terms of their spectral efficiency
(PSK).
capacities of our proposed continuous-rate adaptive schemes, as 707
well as of the schemes proposed in [18] and those of the single- 708
user adaptation proposed in [15]. This is quite valuable, because 709
we are supporting a bidirectional network-coded scenario. 710
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Fig. 6. Spectral efficiency of our continuous-rate adaptive NC-QAM,
discrete-rate adaptive NC-QAM, continuous-rate discretization adaptive
NC-QAM (Scenario 5, 6 of Fig. 4, M = {0, 2, 4, 16}).
Fig. 7. Spectral efficiency of our continuous-rate adaptive NC-PSK, discrete-
rate adaptive NC-PSK, continuous-rate discretization adaptive NC-PSK
(Scenario 5, 6 of Fig. 5, M = {0, 2, 4, 8}).
Of particular note is in Fig. 4 that Eq. (39) relies on the upper711
bound of the SNR-loss coefficients, which were discussed in712
Section III. In Fig. 4 we also characterized NC-QAM relying on713
the SNR-loss lower bound associated with λ1 = λ2 = 0.5. The714
upper- and lower-bound curves are quite close to each other,715
which indicates that the impact of SNR-loss on the achievable716
spectral efficiency is small enough to be neglected. Secondly,717
both our schemes and the scheme proposed in [18] perform718
better than MQAM operating without power adaptation (versus719
Scenarios 8 and 7 in Figs. 4 and 5, respectively). Finally, upon720
increasing of the SNR, the discrepancy between our proposed721
schemes and the single-user adaptive schemes of [15] tends to722
narrow.723
The continuous-rate discretization algorithm is now compared724
to the discrete-rate scheme proposed in Section III-B, using the725
same parameters of γi=[1, 2, 3, 4, 5, 10, 15, 30, 50, 100, 200,726
316], i=1, 2, γi∈ [0, 10∗γi], S=1, ω=0.5, Pbi =10−3, B=1,727
and the Rayleigh distribution p(γi) given by Eq. (10). We divide728
the dynamic range of the fading into four regions, and employ729
Mi={0, 2, 4, 16}, i=1, 2 for MQAM and Mi={0, 2, 4, 8},730
i=1, 2 for MPSK. The SNR-loss parameters λi are given by731
Eq. (22) for MQAM and λi=1 for MPSK.732
Figs. 6 and 7 characterize the performance of our discrete-rate733
variable-power MQAM/MPSK scheme as well as of the adaptive734
single-user scheme of [15] (versus Scenario 5) and of the735
continuous-rate discretization algorithm of Section III-D. Both736
TABLE III
RATE AND POWER ADAPTATION FOR MQAM (4 REGIONS)
TABLE IV
RATE AND POWER ADAPTATION FOR MPSK (4 REGIONS)
Figs. 6 and 7 show that the performance of our discrete-rate 737
schemes approaches that of the adaptive single-user MQAM/ 738
MPSK schemes proposed in [15], despite the more challenging 739
scenario of supporting bidirectional NC. According to Fig. 4, 740
the proposed discrete-rate schemes exhibit a better performance 741
than the scheme operating without power adaptation. Compared 742
to the continuous-rate discretization algorithm, the discrete-rate 743
continuous-power scheme proposed in Section III-B performs 744
better. Additionally, it is important to note that in Fig. 6 we char- 745
acterize the adaptive MQAM algorithm without considering the 746
SNR-loss λi. Compared to adaptive MQAM taking into consid- 747
eration the SNR-loss, the two curves are close, which indicates 748
that the SNR-loss of the discrete-rate scheme is small enough 749
to be ignored. Our simulation results also indicate that the gaps 750
between our proposed schemes, the continuous-rate discretiza- 751
tion algorithm and the adaptive single-user methods of [15] tend 752
to decrease upon increasing of the average SNRs. Moreover, in- 753
creasing the number Ni of discrete signal constellations yields a 754
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TABLE V
PERFORMANCE COMPARISON OF CONTINUOUS-RATE AND DISCRETE-RATE SCHEMES (QAM)
better match with the continuous-rate adaptation scheme, hence755
resulting in a higher spectral efficiency.756
Let us now conclude by considering both the power-757
allocation and rate-adaptation policy for a specific scenario,758
using the parameters of γi = 1, i = 1, 2, γi ∈ [0, 10], wi = 0.5,759
Pbi = 10
−3
, S = 1, B = 1, Mi = {0, 2, 4, 16} for MQAM760
and Mi = {0, 2, 4, 8} for MPSK. The SNR-loss coefficients λi761
are given by Eq. (22) for MQAM and λi = 1 for MPSK.762
In Table III we summarize the constellation sizes and power763
adaptation policies as functions of γ1 and γ2 for four fad-764
ing regions corresponding to four MQAM/MPSK adaptive765
strategies. Upon solving Eqs. (25) and (27) we arrive at766
the corresponding switching thresholds divisions for MQAM767
as R1 = [0, 1.3, 3.2, 6.0, 10], R2 = [0, 1.3, 3.2, 6.0, 10], which768
are required for practical use. The corresponding maximum769
rate is 0.3207 bps/Hz. Similarly, Table IV characterizes the770
discrete-rate adaption scheme for MPSK under the same condi-771
tions as for MQAM, where we have R1 = [0, 0.5, 1.1, 2.5, 10],772
R2 = [0, 0.5, 1.1, 2.5, 10]. The corresponding maximum rate is773
0.5375 bps/Hz.774
In Table V we tabulate the concrete numerical values of775
spectral efficiency for the Scenarios 1–8 of Fig. 6, which well776
support our conclusions.777
V. CONCLUSION778
In this paper, we developed an asymmetric adaptive trans-779
mission design for DF-TWR, which combines network coding780
with near-instantaneously adaptive modulation that adapts to781
the channel variations. The main emphasis of this design is782
on practical adaptive NCM, therefore our study was focused783
on discrete-rate adaptation schemes. Our simulation results784
demonstrated that the proposed variable-rate, variable-power785
NC-QAM/PSK DF-TWR schemes are capable of obtaining a786
higher spectral efficiency compared to the benchmark scheme787
operating without power adaptation. Finally, we demonstrated788
that the impact of SNR-loss on the achievable spectral effi-789
ciency is sufficiently low to be neglected.790
APPENDIX791
SNR-LOSS IMPOSED BY NC-QAM792
For NC-QAM, the symbol to be transmitted to DN1 and DN2793
will be circularly shifted by an amplitude of 2
√
M2(a
I
i +ja
Q
i )d794
at the relay [8]. When we derive the symbol error rate (SER) 795
of NC-QAM, intuitively, the SER of a circularly shifted Mi- 796
ary QAM constellation is identical to that of the original 797
Mi-ary QAM for the same minimum symbol distance. By 798
recalling Eq. (3), Eq. (5) and that aIi , aQi ∈ Ai, we have d1 = 799
(
√
M2/
√
M1)d and d2 = d. Let us insert d1 and d2 into Eq. 800
(42) and introduce the M1- and M2-dependent coefficient of 801
λi = (1−M−1i /1−M−12 ),M2 > M1: 802
Pi =
4(
√
Mi − 1)√
Mi
Q
(√
|hi|2d2i
N0/2
)
, (42)
where Pi denotes the SER of the relay-DN1 and relay-DN2 803
links. We may thus arrive at the unified SER expressions of 804
NC-QAM, given by 805
Pi =
4(
√
Mi − 1)√
Mi
Q
(√
1.5λiγi
Mi − 1
)
. (43)
According to the above analysis, for M2 > M1, we have 806
λ1 = 1 and λ2 < 1, which implies imposing an SNR loss for 807
the relay-DN1 link that remains constant across the entire SNR 808
range. The reason for this SNR loss at the receiver of DN1 809
can be stated as follows. Since QAM is regarded as a pair of 810
orthogonal signals PAM, we may simply focus our discussions 811
on the I component. Given aI2, the legitimate symbols at the 812
receiver of DN1 have a non-zero mean of 813
d
[
2
√
M2
(
aI2 mod
1√
M1
)
+ 1−
√
M2√
M1
]
. (44)
In contrast to the classic zero-mean
√
M1-ary PAM, the DC 814
bias of such a circularly shifted
√
M1-ary PAM constellation 815
will result in some extra energy consumption, which therefore 816
results in the above-mentioned SNR loss. 817
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